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Preface

The guiding principle behind the MFE formulary (the “Formulary” here-
after) is to provide a comprehensive reference for students and researchers
working in the field of magnetic confinement fusion. It is a product of the
authors’ frustration with searching dozens of textbooks while studying for
the MIT doctoral qualifying exams.

The Formulary consists of three broad sections. Chapters 1-2 cover the
mathematics, fundamental units, and physical constants relevent to mag-
netic fusion. Chapters 3-9 cover the basic physics of thermonuclear fusion
plasmas, beginning with electrodynamics as a foundation and developing
single particle physics, plasma parameters, plasma models, plasma trans-
port, plasma waves, and nuclear physics. Chapters 10-13 cover the physics
of toroidally confined plasmas, the fundamentals of magnetic fusion energy,
and the parameters for the major magnetic fusion devices of the world.

Much of the content of the Formulary has been derived from an original
source, such as peer-reviewed literature, evaluated nuclear data tables, or
the pantheon of “standard” mathematics and physics textbooks commonly
used in magnetic fusion energy. References are given immediately following
the cited item in superscript form as “a:b”, where “a” is the citation num-
ber of the reference and “b” is the page number. Full bibliographic entries
for all references may be found at the end of the formulary. In addition to
providing transparency, this unique feature transforms the Formulary into
a gateway to a deeper understanding of the critical equations, derivations,
and physics for magnetic fusion energy.

Ultimately, we hope that this work is useful to all those trying to make
magnetic fusion energy a reality.
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Information

The following sections contain important information regarding the devel-
opment, use, and distribution of the MFE Formulary. The most up-to-date
contact information for the authors of the MFE Formulary is:

e Email: mfe_formulary@mit.edu
e Web: http://www.psfc.mit.edu/MFEFormulary.html

e GitHub: https://github.com/MFEFormulary

Licensing

The Formulary has been released under open source licenses in order to
maximize its distribution and utility to the plasma physics and magnetic
fusion communities. The hardcopy printed book and digital PDF format
have been released under the Creative Commons SA 4.0 license. The LaTex
source code and build system has been released under the GNU GPL v3.0
and is freely available from our GitHub repository on the web. Both licenses
permit copying, redistributing, modifying, and deriving new works under
the aforementioned license. You are encouraged to distribute this document
as widely as possible under the terms provided in the license above. You
are also encouraged to fork or clone our GitHub repository, make your own
contributions to the LaTeX codebase, and submit a pull request for inclusion
of your contribution to the Formulary. If you prefer emailing the authors
directly, that works too. Finally, you are welcome to use any part of the
hardcopy or electronic copy of the Formulary or its LaTeX code in your own
projects under the terms of the licenses above.

Contributors

The following is a list of people who have contributed their time, effort,
and expertise to this project. Their assistance have been critical to contin-
ually improving the accuracy and content of the Formulary. Please consider
contributing either through our GitHub repository or email!

e Michael Bongard e Mark Chilenski

e Dan Brunner e Samuel Cohen
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e Luis Delgado-Aparicio e Alex Tronchin-James

e Chi Gao e Anne White

o Greg Hammett e Dennis Whyte
Disclaimer

The MFE formulary is by no means complete or error-free. In fact, the sta-
tistical laws of the universe essentially guarantee that it has grievous errors
and glaring omissions. Thus, we welcome suggestions for additional mate-
rial, improvements in layout or usability, and corrections to the pesky errors
and typos we have tried so hard to eliminate. Even better, we encourage
you to obtain the source code from our GitHub repository (see above), make
the corrections, and then submit them to us via pull request. You can also
reach us by email (see above).

Despite vigorous proofreading, no guarantee is provided by the authors as
to the acuracy of the material in the MFE Formulary. The authors shall
have no liability for direct, indirect, or other undesirable consequences of any
character that may result from the use of the material in this work. This
may include, but is not limited to, your analysis code not working or your
tokamak not igniting. By your use of the Formulary and its contents, you
implicitly agree to absolve the authors of liability. The reader is encouraged
to consult the original references in all cases and is advised that the use of
the materials in this work is at his or her own risk.
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Chapter 1

Mathematics

A B, ..., are vector functions

? is a tensor

1 and £ are scalar functions

o and T refer to surfaces and volumes, respectively

do is a differential surface element pointing away from the volume
dr is a differential volume element

dr is a differential line element

1.1 Vector Identities

1.1.1 Identities Involving Only Vectors %4

a) AABxC=AxB-C=B-CxA

(
(
(c
(d

)

b) Ax (BxC)=(CxB)xA=B(A-C)-C(A-B)
) (AxB)-(CxD)=(A C)(B-D)-(A-D)B-C)
)

(AxB)x(CxD)=C(AxB-D)-DAxB-C)

1.1.2 Identities Involving V 124 10

(a) V- (YA)=9(V-A)+A- (V)

(b) V x (hA) =(V x A) — A x (V1))

(¢c) V.- (AxB)=B-(VxA)— A (VxB)

(d) Vx(AxB)=(B-V)A-(A-V)B+A(V-B)-B(V-A)
(e)
(f) v

(@ V-WT)=Ve- T +¢V- T

V(A-B)=Ax(VxB)+Bx (VxA)+(A-V)B+ (B -V)A
(AB)=(V-A)B+ (A V)B
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10 CHAPTER 1. MATHEMATICS

i) VZA=V(V-A) -V xVxA
§) V(€)= V(¢€) = pVE + £V
(k) V- (V¢ x V§) =0
)
)

1) V-V = V2
(m) V x Vip =0

1.1.3 Identities Involving [ '*°

/wdT: /¢d0'

volume sur face
/VxAdT: j{da'xA
volume sur face
(c) /da-VxA: }1{ dr - A
sur face boundary

fdrxA: / (dox V) x A

boundary sur face

1.2 Curvilinear Coordinate Systems

1.2.1 Cylindrical Coordinates (r,0,z) 2:6=7 10

Differential volume: dr = r dr df dz

Relation to cartesian coordinates:

x =rcosf = os¢'r'—s1n¢¢
y =rsinf §=sing? +cosd P
z =2z 222

Unit vector differentials

L o __.do
at a
Gradient
0 10 0
vy =W 1005, 00,

r 00 0z

www.manharaa.com




1.2. CURVILINEAR COORDINATE SYSTEMS 11

Divergence
19 104y A,
VA= A e s
Curl
(104, 04 .
VXA—(; a0 ‘W)’“
0A,  0A,\ A
+(W‘W)"
10 10A,\ .
+(W(7‘A9>‘; ae)z
Laplacian
2,10 (00 10% 0%
vd}_r@r "or +r2892+8z2

Vector-dot-grad

B 0B, Ay 0B, 0B, A¢By)\ .
(A'V)B_(AT8r+r 00 +Azaz r )T
0By  Ag 0By 0By = A¢B,\ 4
Ar——+ — A,
+ ( or * r 00 * 0z * r ) o
0B, Ay0B, 0B\ .
* (ATW T +AZW) z

1.2.2 Spherical Coordinates (r,0,¢) %879 10
Differential volume: dr = 72 sin 6 dr df d¢

Relation to cartesian coordinates

x = rsinf cos ¢ & = sinf cos ¢ 7 + cos 0 cos ¢ O — sin ¢ P
y = rsinfsin ¢ 'g:sinc9sinqbﬁ+cos€sin¢é+cos¢q5
z=rcosf 2 =cosHP—sinbo

Gradient

L t0vy 1 oug
Vw_@rr+r89o+rsin98¢¢

Divergence

L o4,
rsinf 0¢

o .
rsin 6 90 (sin6A49) +

www.manharaa.com




12 CHAPTER 1. MATHEMATICS

Curl
VxA= (rsilnG% (sinfAy) — @%‘?) .
(v 3~ v 49)
- (%% (rAg) — %8{;:,.) é
Laplacian
v l26’2 ) TS0 (Smeleeb)erg%ﬁ

Vector-dot-grad

( 0B, A9 0B, " A¢ 0B, B ApBy + A¢B¢) ;

r 00  rsinf 0¢ r
839 Ag 0By n A¢ 0By " Ay B, B cot 9A¢B¢ 6
r 00 rsinf J¢ r r
8B¢ Ay 8B¢ A¢ 8B¢ A¢BT cot 9A¢Bg ~
+(A or T r 00 +7“Sinc9 0¢p + r + r ¢

1.3 Integral Relations of Vector Calculus

In this section, let A = A(x;,x;j,X;) be a vector function that defines a vector
field.

1.3.1 The Fundamental Theorem of Calculus

If f(z) is a single-valued function on the interval [a,b] 14:88

b
/ f(x)dz = F(b) — F(a)

1.3.2 Gauss’s (or the Divergence) Theorem

If 7 is a volume enclosed by a surface o, where do = fido and 7t is a unit
vector pointing away from 7 10:31

/(V-A) dr = 7{A-do-

volume sur face

1.3.3 Stoke’s (or the Curl) Theorem

If o is an open surface defined by a boundary contour at the surface edge

10: 34
/(VxA)-da' :7{A-dr

sur face contour

www.manharaa.com




1.4. LEGENDRE POLYNOMIALS 13

1.4 Legendre Polynomials

Legendre’s equation '4:337
d%y dy
(1—:v)d——2d +I(l+1)y=0 —1<z<land!=0,1,2,---
x?

Legendre Polynomials 14:289

Order  Corresponding polynomial

=0 Px)=1

=1 Plx)=z

=2 DPz)=1(322-1)

=3 DPi(z)=21(52%-32)

=4 Py(z)= (352" — 3022 + 3)
l=5 Ps(z)=%(632° — 702° + 152)

Rodrigues’ formula 14:286
1 d
_ZDZ(JJ) 2[“ dr l( - 1)l
Orthonormality 14:286
/ Pz x)dr = /WP(COSG)P (cos @) sinf df = L(S
l - 0 l m - 20+ 1 Im

where 4y, is the Kronecker delta: | = m, 6y, = 151 # m, dp, = 0.

1.5 Bessel Functions

1.5.1 Bessel’s Equation

The most general form of Bessel’s equation is 14269

which has the general solution !4:270
y = AJp(Az) + BY,(A\x)

where J, are Bessel functions of the first kind and Y), are Bessel functions
of the second kind (also known as Neumann Functions N,), both of order
p.  Besse actionsyofsthe first kind have no closed form representation;
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14 CHAPTER 1. MATHEMATICS

however, they can be used to define Bessel functions of the second kind:
14:270

Ip(@) cos(pm) — J_p(z)

Ylw) = sin(pm)

1.5.2 Bessel Function Relations

The following relationships are also valid for Y}, (x) by replacing Jp,(z) with
Y},(x) 14:278-279

(a) Jo(x) = 21 (x) — Jo(x)

X

(d) [z Jp(2)] = =2~ PJpqa(2)
(€) s (&) + Ty (2) = Ly (a)
(6) Jpr(2)  Jpir(x) = 20 Jy(2)

1.5.3 Asymptotic forms of Bessel Functions

For o — oo 14:273

1.6 Modified Bessel Functions

1.6.1 Bessel’s Modified Equation

The most general form of Bessel’s modified equation is!'4:27

d? 1d 2
3;+——(/\2+%)y=0

www.manharaa.com



1.6. MODIFIED BESSEL FUNCTIONS 15

Plots of Jp(x)

G A O N FR O RN WA O

o
=
N
w
B
l
o
~
©
©
)

Plots of Y, (z)

which has the general solution 14:275

y = Al,(A\x) + BK,(\x)

where I, are Modified Bessel functions of the first kind and K, are modified
Bessel functions of the second kind. Modified Bessel functions of the first
kind have no closed form representation; however, they can be used to define
Bessel functions of the second kind: 14:27

www.manharaa.com



16 CHAPTER 1. MATHEMATICS

1.6.2 Modified Bessel Functions Relations

Relations involving I,(z) 14:280

(a) xlp—1(x) — xlpi1(x) = 2ply(2)
(6) Lp1(2) — Dy (@) = 2 1, (a)
(©) - ()] + ply(a) = 2y 1 (2)

(@) 2 {Iy()] ~ ply(x) = 2l (2)

d

() - [o(2)] = In(z)

() D(z) = —%Il(x) + (@)

Relations involving K (x) 14:280

(2) zKp-1(z) — 2Kpi1(2) = —2pKy(2)

(1) Kyp-1(0) + Kppa(2) = —240 Kolo)
() 20 [y ()] + Py () = —2Epa(2)
() 2 (Kyl)] — pKp(a) = —2Kpia(a)
09 - [Ko(w)] = —Ka ()

2

1.6.3 Asymptotic Forms of Modified Bessel Functions

For © — o0 14:278

7= (-7 )
2mx 8z

T _ 4p? —1
K ~ayf—e (1
»(@) 92z° ( + 8T )

1.7 Partial Differential Equations

1.7.1 Basis Functions for Laplace’s Equation

Basis functions are the most general solutions to V2 = 0.8

*If m is an integer, J_,, — Y. If k is imaginary, Ju, (kr) — I (|k|7) and Yo (k) — K (|| 7)
) i e spherical harmonic function

www.manharaa.com



1.7. PARTIAL DIFFERENTIAL EQUATIONS 17

=
o

O P N W b U N 0 ©

Plots of I,(z)

Plots of K,(z)

Geometry Basis Function v

2D Cartesian 1) = (Asinkz + Bcoskz) (Ce™ + De™)

2D Cylindrical ¢ = Ay + Bolnr + (Asinné + Bcosnb) x (Cr"™ + Dr=")
3D Cartesian ¢ = AeFe®ethuyek=2 with k2 + kg —k2=0

3D Cylindrical o = Aet™0etkz . (kr) *

2D Spherical 1) = (Ar! + Br=(+1) Py(cos 0)

l
3D Spherical =3 (Almrl + Blmr_(l+1)) Yim (6, ¢)1

m=—I
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18 CHAPTER 1. MATHEMATICS

1.8 Gaussian Integrals

Definite integral relations of Gaussian integrals '4:259

00 1/2
o [t
o) [ etar= (1)

00 1/2 42
(c) / e <§) / e's  for a>0

1/2

(d)/ xe_a(x_b)xzdx:b(g)/
@ [ st % (%)”2
( 5 ) (n+1)/ a>0
(f) /Ooo a"e™ " dy = (2k+712\/; n=2k,a>0

k!
\ 2gk+1

n=2k+1,a>0

Definite integrals of common Gaussian relations 2!:6°

T n,—ax? v n —ax? i l(n—l) —ax
n [z de [ a"e de [ a2 e~ dg
0

xl/2 rl/2 rl/2
2a1/2 al/2 al/2
1 = 0 1
9 /2 rl/2 rl/2
4(13/2 2a3/2 2a3/2
3 57 0 =
4 3nl/2 3nl/2 3rl/2
Sab/2 4a5/2 4a5/2
5 5 0 &
6 1571/2 1571/2 1571/2
16a7/2 8a7/2 8a7/2

1.9 Error functions

The error function 14:242

erf (x / —t? dt
\/7

www.manharaa.com




1.9. ERROR FUNCTIONS 19

Taylor expansion of the error function 4:242

yra2ntl o B o
f(x _2(f, T =
“ \/_Zn'2n+1) \/E(w 3 T e )

The complimentary error function 4:242

erfc (x \/_/ et dt =1 — erf(z)

Taylor expansion of the complimentary error function !469

erfe(e)m T (1oL 3 15
r x % T 5.9 - DY
T/ 2202 1 (222)%  (222)°

www.manharaa.com
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Chapter 2

Fundamental Constants and
SI Units

Numerical values for all constants taken from the 2006 CODATA Interna-
tionally Recommended Values of the Fundamental Physical Constants.

Universal Constants

Constant Symbol Value Unit
Avagadro’s Constant Ny 6.022 141 79(30)x10*®*  mol ™!
Boltzmann’s Constant kp 1.380 650 4(24)x10723 J/K

8.617 343 1(15)x107°5  eV/K
Elementary Charge e 1.602 176 487(40)x 10~ C
Impedance of Vacuum Zy 376.730 313 461 Q
V/ Ho/€o
Permittivity of Vacuum €0 8.854 187 817x 10712 F/m
Permeability of Vacuum 140 47 x 1077 N/A?
Planck’s Constant h 6.626 068 96(33)x 103 J-s
4.135 667 33(10)x1071 eV
H-bar (h/27) h 1.054 571 628(53)x1073*  J-s
6.582 118 99(16)x 10716 eV's
Speed of Light (vacuum) c 2.997 924 58 x10% m/s
21
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22 CHAPTER 2. FUNDAMENTAL CONSTANTS AND SI UNITS

Atomic and Nuclear Constants

Constant Symbol Value Unit
Electron Rest Mass Me 9.109 382 15(45)x 1073 kg
5.485 799 0943(23)x 1074 u
0.510 998 910(13) MeV /c?
Proton Rest Mass mp 1.672 621 637(83)x10~27 kg
1.007 276 466 77(10) u
938.272 013(23) MeV /c?
Neutron Rest Mass mp 1.674 927 211(84)x 1027 kg
1.008 664 915 97(43) u
939.565 346(23) MeV /c?
Deuteron (2H) Rest Mass mq 3.343 583 20(17)x 10727 kg
2.013 553 212 724(78) u
1875.612 793(47) MeV /c?
Triton (°H) Rest Mass my 5.007 355 88(25)x 10727 kg
3.015 500 7134(25) u
2808.9209 06(70) MeV /c?
Helion (*He) Rest Mass mp, 5.006 411 92(25)x10~27 kg
3.014 932 2473(26) u
2808.391 383(70) MeV /c?
Alpha (*He) Rest Mass Mey 6.644 656 20(33)x10~27 kg
4.001 506 179 127(62) u
3727.379 109(93) MeV /c?
Proton to Electron mp/me  1836.152 672 47(80) = 67°
Mass Ratio
Bohr Radius ao 0.529 177 208 59(36) x 10710 m
(ag = 4megh? /mee?)
Classical Electron Radius Te 2.817 940 289 4(58)x 10717 m
(1o = €2 /dmegmec?)
Inverse Fine 1/« 137.035 999 679(94)
Structure Constant
Rydberg Constant R 1.097 373 156 852 7(73)x 107 m~!
Rohe 13.605 691 93(34) eV
Stefan-Boltzmann o 5.670 400(40)x10~8 W /m?/K*
Constant
Thomson Cross Section OTh 0.665 245 855 8(27)x 1028 m?
(orn = (87/3) r2) 0.665 245 855 8(27) barns

www.manaraa.com



23

The System of International Units

Quantity Symbol SI Unit Dimensions
Activity A Becquerel 51
Capacitance C farad (F) Z;Sg
Charge q *coulomb (C) C
Conductance siemens (S) k;.%
Conductivity o siemens/meter (S/m) ,:g',%
Current I ampére (A) %
Displacement D coulomb /m? %
Electric Field E volt /meter ’;g ol
Electromotance € volt (V) kj;g
Energy W joule (J) kgé;—QmQ
Force F newton (N) ’“98—'2"‘
Frequency v hertz (Hz) st
Impedance Z ohm () %
Inductance L henry (H) kgC'TQ
Length 1 *meter (m) m
Magnetic Flux @ weber (Wb) kgzgﬂ
Magnetic Flux Density B tesla (T) :—%
Magnetic Moment 7 ampere-m? mZ'C
Magnetization M ampere-turn/m %
Permeability i henry /meter kg;n
Permittivity € farad /meter %ﬁg
Polarization P coulomb/m? ECZ
Electric Potential \% volt (V) ks%'%2
Power P watt (W) kg-m”
Pressure p pascal (Pa) nfi 5
Resistance R ohm (Q2) ’2?—'31;
Resistivity i ohm-meter %
Temperature T *kelvin (K) K
Thermal Conductivity K watt/meter/kelvin kgs —
Time s *second s
Velocity v meter /second n

* denotes a fundamental SI base unit
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24 CHAPTER 2. FUNDAMENTAL CONSTANTS AND SI UNITS

Energy Conversion Factors

Energy <« Temperature 1 eV = 1.602189x10719 J

1 eV = 1.1604505x10* K
Energy <« Mass 1 u = 931.501 MeV/c? = 1.660566x 10727 kg
FEnergy <« Wavelength hc = 1239.8419 MeV-fm = 1239.8419 eV-nm

hic = 197.329 MeV-fm = 197.329 eV-nm
e? /4req = 1.439976 MeV-fm
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Chapter 3

Electricity and Magnetism

In this chapter, all units are SI.

e is the elementary electric charge

q is the total particle charge

Z is the particle atomic (proton) number

n is the particle density

U is energy

r is the particle position

v is the particle velocity

p is volumetric charge density

o is surface charge density

J is volumetric current density

K is surface current density

7 and o are the volume and surface, respectively
dr, do, and dl are the volume, surface, and line elements, respectively
b and f subscripts refer to bound and free charges

3.1 Electromagnetic in Vacuum

3.1.1 Fundamental Equations

Maxwell’s equations 10:326
V-E=p/e V-B=0
0B OE
E=— B = —
V x 5 V X pod + fro€o 5

Electrostatic scalar potential relations '9:87

V=—/E-dl
V= 1 /'(—)d’?’
47req T

25
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26 CHAPTER 3. ELECTRICITY AND MAGNETISM

Electrostatic vector potential relations 10240

B=VxA VA = —pod A:@/ng
47 T

Electromagnetic energy stored in the fields 10:348

1 1
Uem = 5 / (eoE2 + —32) dr
2 o

Coulomb Force 10:59

_ q142 r; —ro
47T€0|I‘1 — I‘2|2 |I'1 —TI9

Lorentz force law 10:204

F=q(E+vxB)

Biot-Savart law 10:215
wo [Ixt
= — dl
A7 72

3.1.2 Boundary Conditions

For given surface S, 4+ and - refer to above and below S, respectively. n is
a unit vector perpendicular to S.

Electrostatic boundary conditions on E 10:179

Ef —Ef=0/¢

ELL—EU:O

Magnetostatic boundary conditions on B 10:241

Bf - Bt =0
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3.2. ELECTROMAGNETICS IN MATTER 27

3.2 Electromagnetics in Matter

3.2.1 Fundamental Equations

Maxwell’s equations in matter 10330
V-D=p; V-B=0
0B oD
E=-—— H=J,+ 2
v ot VX rt 5

The polarization in linear media (. is the polarizability) 0:17

P = ¢ox.E [electric dipole moments per m ™3]

The magnetization in linear media (., is the magnetization) '0:274
M = x,,H [electric dipole moments per m ™3]

The displacement field 10:175,180

D=¢E+P
=€eE (linear media only where € = (1 + x.))

The H-field (Magnetic field) 10:269:275

H= iB -M
Ho
1
= ;B (linear media only where p = (1 + xm))

Associated bound charges (o3, pp) and currents (K, J;) 10 167,168,267,268

Ky=Mxn Jy=VxM

3.2.2 Boundary Conditions

For given surface S, + and - refer to above and below S, respectively. n is

a unit vector perpendicular to S. 10:178.273
Dy - DT = oy p! -pl —pll —pl
L 1 L L .
R G S H| -H' =K;xn

3.3 Dipoles

In this section, p and m are electric and magnetic dipoles, respectively. N

1d e force generated by the dipole.
*4 *
i:-’bl:-:ﬂ}u AJ I—'.L I
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28 CHAPTER 3. ELECTRICITY AND MAGNETISM

Definition 10: 149,244 Fields 10:153,155,246 Potentials 10:166,244
Egy; =__1 P — R

p = [rp(r)dr dip(F) = ey [3(P - 1)T — P Vi = 713
Eaip(r,0) = 5 (208 0% + sin 69
By, = _Ho PP — R

m=1[do dip = gy B D) —m] A gip(r) = Homyr

Bip(r, 0) = £ (2 cos Ot + sin 99)

4qrr3

Electric 101164165 \[agnetic10: 257,258,281
F=(p-V)E F =V (m-B)
N=pxE N=mxB

3.4 Circuit Electrodynamics

Microscopic Ohm’s law 10:285
J=0E

where o, is the conductivity. Resistivity, p,, is defined as p, = 1/0,.

Macroscopic Ohm’s law 19287
V=IR

where V is the voltage, I is the current, and R is the resistance.

The voltage due to a changing magnetic field (Faraday’s Law) 0:29529
P
V= —d— = / B dA
dt
sur face

Capacitance is written as C, and inductance is written as L.!®

dv dl

I=-C— V=_—L-=
dt dt

Energy stored in capacitance and inductance 10:106:317

1 1
=_LI*+-CV?
U=3LI+5CV
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3.5. CONSERVATION LAWS 29

3.5 Conservation Laws

Conservation of charge 10:214

o _

o VI

Poynting vector '0:347

1
Ho

S=—(ExB)

Poynting’s theorem (integral form) '0:347

v d 1 2, 1 9 1

volume surface

Poynting’s theorem (differential form) 10:348

0
ot (Umechanical + Uem) = =V - S

Maxwell’s stress tensor 10:352

1 1 1
T%j = €0 (EiEj — §5ijE2) + % (BiBj — §5ijB2)

Electromagnetic force density on collection of charges 10352

= 0S
f=v.-T —oto gy

Total electromagnetic force on collection of charges 19:353

dt

surface volume

— d
F=%T-d0’—60,u,0— Sdr

Momentum density in electromagnetic fields 10:35°

Pem = Ho€0S

Conservation of momentum in electromagnetic fields 10:3%

0 —
— )=V T
ot (pmech + De ) \Y

3.6 Electromagnetic Waves

In this section,

A is the wavelength
k = 27m/X is the wave number
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30 CHAPTER 3. ELECTRICITY AND MAGNETISM

w = 27 is the angular frequency

T = 1/v is the period

k = kk is the wave number vector

n is the polarization vector in the direction of electric field
X is a complex vector

The wave equation in three dimensions 0:376
162
Vif = _2—5
v? Ot

is satisfied by two transformations of Maxwell’s equations in vacuum 0:376

82E 82B
2 2

E = Y a B = = a
V HO€Q t2 V HO€Q t2

These have sinusoidal solutions, but it is more convenient to work with

imaginary exponentials and take the real parts 10379

E(r,t) = Ege’'®™“Yp

~ 1

. . 1~ -
B(r,t) = ~Epe'®*™ D (k x h) = -k x E
c c
EM Wave Relations !0:381—382

Parameter Symbol Equation
Averaged energy per unit volume (u) %eoEg
Averaged energy flux density (S) %CGOESR
Averaged momentum density (P) %eoEgl;
Intensity I (S)
Radiation pressure P %

3.6.1 EM Waves in Matter

In this section, 6 is measured from the normal to the surface

Assuming no free charge or current in a linear media, the EM wave

become 10:383
V.E=0 vxp- B
ot
O0E

equations

www.manharaa.com



3.6. ELECTROMAGNETIC WAVES 31

Speed of light in a material 10383

Index of refraction 0:383

€p
n=,/— &./c
\ eorto "

Intensity 10:383
1
I=-ewE?
9 0
Boundary conditions at a material surface '0:3%4
L L Il _ mll
a bl = ek E| =E,
1 1
Bi =By —Bl = =B
H1 H2
Reflection and transmission coefficients 10:386
1 2 T 4
R: T@f _ (nl_n2) T: trans o n1n2 R+T_1
= = — _ . _
Iine ni + ng Iine (711 + ng)
Snell’s Laws for oblique incidence on material surface 0:388
q
Kine sin Oine = kT@f sin ‘97“6]‘ = Ktrans SIN Orans
einc = aref
sin Otrans _m
sin Bine n2
Fresnel Equations !3:305—-306
Polarization to
incident plane trans/ Binc ref/ Eine
Perpendicular 2n €08 Oinc 11 €08 Oine— (11 /p2) /13 —n3 sin’ Ginc
1 cos 9mc+(u1/u2)\/n§ —n3 sin® fipe 771 Cos 9inc+(u1/u2)\/’n§—n§ sin? Qe
Parallel 2n1n2 cos bine (/1'1//1'2)713 cos Oinc—n1 n%—n% sin? Oine

(u1/H2)n3 cos inc+n \/ng—n% sin® Oine  (p1/p2)n3 cos Oinctni \/ng—n% sin? O

Brewster’s angle (no reflection of perpendicular incidence wave) 10:3%
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32 CHAPTER 3. ELECTRICITY AND MAGNETISM

where 3 = pina/pan:

If the wave is in a conductor, it will experience damping due to the presence
of free charges, subject to J; = oE. Solving Maxwell’s equations gives

10:394
k* = pew? + ipow

Decomposing gives real and imaginary parts of the wave vector k=k+ik

kzw\/% \/1—1—(%)2—1-1 mzw\/% \/1—1—(%)2—1]1/2

Knowing the imaginary part of the wave number, allows to know the damp-
ing of the wave which is characterized by a skin depth or the e-folding length
d= 1/Iﬁ? 10:394

1/2

3.7 Electrodynamics

We are allowed to choose V - A; two common gauges used are the Lorentz

and Coulomb gauge. 10:421-422
Gauge V-A V Equation A Equation
2 2
Lorentz  —poeodr V2V — oo Sy = —£ VPA - poeo 52 = —pod
Coulomb 0 VIV =-3 V2A — poco % = —nod + pocoV (%)

For any scalar function \, any potential formulation is valid if 0¢420

oA

r_ [ y A

A'=A+VA Vi=vVv 5
3.7.1 Fields of Moving Charges

In this section, ||A|| evaluates A at the retarded time'®

Definition of retarded time 10:423

r(t) — r(tret)]

Cc

tret =t —

The Lienard-Wiechert potentials 10:432—433

1

TRk

q

V= :MHXH
rrR

47
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3.7. ELECTRODYNAMICS 33

Electric field of a moving point charge 10:43%
=9 |lp— YR NIE TS
E= 47eq (F—v/c) (1 ve/e ) 1372 rx ((t—v/c)xa/c) P

Magnetic field of a moving point charge 10:438

B=|t|]| xE/c

WhGI‘GIﬁ?Zl—’f‘-%.

3.7.2 Radiation by Charges

In this section, u = ¢t — v, v = 1/4/1 —v?/c? is the relativistic gamma
factor, and a is the acceleration.

Poynting vector associated with a moving charge 0:460
1 9. R
S=— [E°ft— (¢ -E)E]
Hoc
Non-relativistic power radiated by a moving charge 10462
_ hog*a?
6mc

Relativistic power radiated by a moving charge per solid angle 10:463

P ¢ £ % (ux a)|?
dQ 1672y (f-u)’

Relativistic power radiated by a moving charge!9:463

2
pP— M0q276 (ag_ v Xa )
6mc C
Relativistic force of a moving charge 10467
2

pog” da
Food = i
rad = “Gre dt
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Chapter 4

Single Particle Physics

In this chapter, all units are SI with the exception of temperature, which is
defined in the historical units of eV (electron-volts).

e is the elementary electric charge

q is the total particle charge

Z is the particle atomic (proton) number

m is the particle mass

r is the particle position

v is the particle velocity

U is energy

T is temperature; Tiey = 1 in units of kiloelectron-volts
E and B are the electric and magnetic fields

b is a unit vector in the direction of B

|| and L indicate parallel and perpendicular to b

4.1 Single Particle Motion in E and B Fields

4.1.1 General Formulation

Single particle trajectories result from solving Newton’s second law for a

particle with charge q and mass m in electric and magnetic fields: 814!
dv dr
m— q(E+v xB) =V

If E and B are independent of time, the particle’s kinetic and potential
energy is conserved 8142

1
imv2 + qV = constant
where V' is the scalar potential (E = —VV).

4.1.2 Gyro Motion Solutions for B = By2; E = 0

Particle initially has r = (20, Yo, 20), v = v|| + v, and arbitrary phase, ¢.

35
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36 CHAPTER 4. SINGLE PARTICLE PHYSICS

Parallel to the field: 8143

2(t) = 20 + U”t

Perpendicular to the field: 8 144
CI}(t) =g+ pL Sin(Qct - d)) Tg =T0+ pL sin ¢
y(t) = yg + pr cos(Qet — @) Yg = Yo — PLCOS P

The guiding center position is (x4,yy); the larmor (or gyro) radius is pr, =
v1 /Qe = muv, /qB; the larmor (or gyro) frequency is €2,
4.1.3 Single Particle Drifts

In this section, R, is the particle’s radius of curvature in a magnetic field
and is defined as b - Vb = —R,./R?

ExB drift 8149

ExB
VES Ty

VB drift 3153

_ mvi BxVB
~ 2qB B2

VVvB

Curvature drift 8:159

mvﬁ R.xB
Ve = ——
" ¢B R2B

Polarization drift %162

Vacuum field only - Vx B =0 8:160

m, 5 vi R.xB

vor Ve = BT ) TR

Particle drift velocity for a general force F 8153
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4.2. BINARY COULOMB COLLISIONS 37

4.1.4 Magnetic Moment And Mirroring

In this section, i refers to the initial point, and f stand for the final, or
mirror, point.

Magnetic moment (the first adiabatic invariant) 8:167
2
mu? (t)
= = constant
2B(t)

Force on particle in magnetic fields where VB/B < 1 8171
Fj~—pv) B

Velocity in terms of velocity space pitch angle %17

v]; = vpsinf v|j; = v cos ¢

Conservation of energy 8174

1 1
§m <UL + vﬁz> = §mvf_f = Ujotal = constant

Mirroring condition %173

2
Ui T Binin

sin®6, =

Utotal 'Uﬁ_ f Bz

Fraction of trapped particles (Maxwellian distribution) 8:176

1 T—0. ) 27 00
f:crapped = - / sin 0d0 / do / Fi Maxwellian(v)v2dv
n Jo. 0 0

where n is the total number of particles in the distrubition function

4.2 Binary Coulomb Collisions

r is the relative distance

v1 and vo are particle velocities in the lab frame

V and v are the center of mass and relative velocities

vp and bg are the initial relative velocity and impact parameter
X is the scattering angle in the center of mass frame

Z is the time derivative of quantity x

Force between 2 charged particles

F__v ( 9192 )
4megr

Transformation to center of mass frame

8:186

mivi + movo
v=—"—- - V=V]—Vy
mi + mao
mov miv
mi + mo
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38 CHAPTER 4. SINGLE PARTICLE PHYSICS

Schematic of two body collision in the reduced mass frame.

Reduced mass 8:186
mimg
mu e ———
my + ma
Conservation of energy 8 187
2 q192 1 9
UL = Ey = —m,v5 = constant
2 4meqr 9 HTO
Conservation of angular momentum 8187
myr X v =Ly = —m,bvy = constant
8:188

Transformation to cylindrical coordinates
r=r# v =i + 160

Ordinary differential equation for unknown r(t) 8188

2\ 1/2
f-:q:vo(l—2bﬁ—b—)

Solution in terms of scattering angle y %1%

X, _ boo 9192
tan(=) = — = —M
( 2 ) b 4megm,,vib
Impact parameter for 90 degree collision 188
q192
bop = ——

- 2
dmregm, v

4.3 Single Particle Collisions with Plasma

a is an approaching test particle; t is a target plasma particle. Q4 are quan-
tities depending on approaching particle a incident upon target particle ¢.
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4.3. SINGLE PARTICLE COLLISIONS WITH PLASMA

Total loss in test particle linear momentum & 192
d
E(mava) = —(Amgug)ntov,

=— /(Amava)fa(vtﬂva — v¢|bdbda d3v

Definition of test particle collision frequency %193
d
= (Mata) = ~Vat(Mava)

Test particle collision frequency 8193

1

ava

Vat(va) =

Amgv vi)|vy — ve|bdbda d®v
( a a)ft( t)‘ a t‘

4.3.1 Collision Frequencies

Approximated expressions for frequencies hold only for ve ~ v >> vy

Electron-ion 3:197

e'n;In A 1 etn;In A
Ve;j — ~
“ v+ 1303  dredmZv?

iIn A
10SL 131 [8_1]

2
dregmemy,

~ 8.06 x

e

Electron-electron 8197

4
Ve — (e Ne lnA) 1 =

2medm? ) v3 + 1.3v),

Ton-ion 8197

4, .
Vi = (e n; lnA) 1 =

2.2 3 3
2regms ) vy + 1.3vp;

Ton-electron 8197

neln A 1
Vie = ( € Ne M ) [8_1]

47r60m€mi Ui -I_ 1'3vt€
Collision frequency scalings %197
mo\ V2
Vee ™~ Vej Vij ~ | — Vei
m;

The Coulomb logarithm 8:194

3/2,7:3/2 3/2
A~ % =4.9x 107Tlf~v2
ne%es n3f

or most plasmas.

VieN(

39

) Vei
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40 CHAPTER 4. SINGLE PARTICLE PHYSICS

4.3.2 Collision Times

Electron-ion collision time 11°
1271'3/26(2)7%;/21—'3/2
V2n;Z2et In A
3/2

T
—1.09 x 1016 & keV_
s Zgni InA 5]

Tei =

Ton-ion collision time 11:5

1/2,3/2
i1
21/2 n;ZtetIn A,

3/2
mi\"? T ey
my Z:lnzlnAz

1273/2 e&m
Tii =

= 4.67 x 107 ( [s]

An ion collision time is sometimes defined to be 7; = V27

Ion-impurity collision time 177

1/213/2
12732 m, T €2

Tl = o1 niZ2Z3e*In A
N1z /2
— 467 x 10'7 (M _ ThkeV
x (mp Z2Z3nIn A, s

Electron-to-ion energy transfer time
Sn(T. —T:
2”( e i)

(35:)

Thermal equilibration frequency (rate of species a equilibrating to species
b) 12:34

Rei =

t —
=18 x 10
Vab (maTy + mypT,)3/?

[s7']

For ions and electrons with T, ~ T} = T, Veine = Vien; 12334

Z2In A

t —15
. =3.2x10 S
(ma/mpT372)

s

4.4 Particle Beam Collisions with Plasmas

In this section, plasma density is written as ngg = n/10%°
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4.4. PARTICLE BEAM COLLISIONS WITH PLASMAS 41

Beam-electron collision frequency 8202203

Z2e*n,In A 1
Vbe (Up) =( b_~° )

v + 1.3v3,
1 de4m;/2ne InA

~ (v3, > v only)
T g "

n20 - .
= 100T/2 [s7'] (alpha heating only)

keV

47regmemb

Beam-ion collision frequency %203

vpi(vp) = (

1 de‘lni InA
~ s 2 3
4T egmy myvy

de4ni InA 1
47re%mumb vg’ + 1.3vt3i
(vi; < vy only)

n _ .
= 0.94¢3/2 [s7']  (alpha heating only)

( beam)Mev
When vpe = vp;, vp = verie and the beam changes the plasma particle it
preferentially damps upon. For v, > veri, the beam damps on plasma
electrons; for vy < verit, the beam damps on plasma ions. The critical
beam energy is calculated as E. = 1/2Mpeam i, = 14.8(Mpeam/ m?/ 3)T .

For a 15 keV plasma, the critical energy corresponds to 660 keV.

A high energy beam entering a plasma has energy behavior (purely slowing
down on electrons) 267249

2/3
Ey = Epp

—3t/Tse _ c =3t/ Tse
e (Eb,o) (1 e )]

where Ejq is the initial beam energy and 7, is the slowing down time
assuming vy < Uge 26: 246

3(2m)3/22my, T2/
1/2

Tse =

me’ “netln A
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Chapter 5

Plasma Parameters and
Definitions

In this chapter, all units are SI with the exception of temperature, which is
defined in the historical units of eV (electron-volts).

e is the elementary electric charge

Z is atomic (proton) number

m is the particle mass

e and 1 subscripts refer to electrons and ions, respectively
B is the magnetic field

n is the particle density; ngy = n/10%

T is temperature; Tiey = T in units of kiloelectron-volts

5.1 Single Particle Parameters

Thermal speed!

(Te)l/Q (E)l/Q
Ute = | — Vg = | —
Me mg

Plasma frequencies [radians/s] 8:13

nee? 1/2 ni(Z;e)? 1/2
Wpe = wpi = | ————

Me€o mi€o
Cyclotron frequencies [radians/s] 8134
eB Z.¢B
Qe = — Q’L = v
me ™

1Some references define thermal speed with an additional factor of v/2. The definition
given here results in v+ being the standard deviation of a Gaussian distribution, which is
the widely used convention in statistics and mathematical physics. In either case, it’s just
a question of how the factor of “1/2” in the exponential term of the Gaussian distribution

43
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44 CHAPTER 5. PLASMA PARAMETERS AND DEFINITIONS

Gyro radii [m] 8134
_ (2m.T.)V?  (2mTy)'?
PLe = eB PLi = ZZeB

Single particle parameters as functions of magnetic field B [T},
density ngo [m™3], and temperature T [keV] 3

Particle  Plasma frequencies [Uf] Cyclotron frequencies ["Jj] Gyro radii [m)]

1/2
electron  5.641 x 10! n%z rad/s 1.759 x 10" B rad/s 1.066><10_4TkTev

89.779 ni? GHz 28.000 B GHz

1/2

proton  1.316 x 1010 ny)> rad/s ~ 9.579 x 107 Brad/s  4.570x1073 0¥
2.094 nj)? GHz 15.241 B MHz

1/2

deuteron  9.312 x 109 ny)> rad/s 4791 x 107 Brad/s  6.461x10-3 v
1.482 n3)* GHz 7.626 B MHz

1/2

triton 7.609 x 10° ny)’ rad/s  3.200 x 107 Brad/s  7.906x10~3 1w
1.211 n}? GHz 5.092 B MHz

1/2

helion  7.610 x 10° n)? rad/s 6.400 x 107 Brad/s  3.952x10~ 3k
1.211 n3/* GHz 10.186 B MHz

1/2

alpha  6.605 x 10° ngp’ rad/s  4.822x 107 Brad/s  4.554x1030v
1.051 ni)* GHz 7.675 B MHz

5.2 Plasma Parameters

Debye length 8:12°

1 1 62TL0 62n0

- = + = _ Y
)\QD >‘2De )‘2Dz GoTe eoTL'

1/2 1/2
AD, ~ (q’Te) =2.35 x 107° (@) [m]

e2ng N0
Debye-shield ion potential (spherical coordinates) 2637
V — € e—T//\D
4megr

Volume of a Debye sphere 3
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5.3. PLASMA SPEEDS 45

Plasma parameter 5133
1 (eT\*? T3/
Ap=Vpng==n [ 222} ng~ 5.453 x 105 k¥
3 \e2ng 1/2
N0
Effective plasma charge 356
72
allzi(:)ns " Zj 1 Z 2
Zg =l N g
allzi(:)ns " Zj Ne all ions

5.3 Plasma Speeds

In this section, pg is the mass density of the plasma, pg is the plasma pres-
sure, and ~ is the adiabatic index.

Alfvén speed 3314

va = (BE/1opo)/?

Sound speed °:96:67

(ZTe +9T; ) is
RS
my
where
v =1 (isothermal flow)

2+ N
’)/:—

N (N is the number of degrees of freedom)

Plasma mach number °:298

M= Uplasma
Cs

5.4 Fundamentals of Maxwellian Plasmas

General Maxwellian velocity distribution function 2!:64-65
bm 2 2 2
Fum (v, vy,vz) = Fu(v) = Cexp Ty [(Ux_ax) + (vy —ay)” + (v: — az) ]

where az, ay, a,, b, and c are constants. If a, = a, = a, = 0 we have an
(ordinary) Maxwellian; otherwise we have a drifting Maxwellian where
the drift (or mean) velocity is vg, = (az,ay,az).

Ordinary Maxwellian velocity distribution function for a plasma 2!:64-65

www.manharaa.com



46 CHAPTER 5. PLASMA PARAMETERS AND DEFINITIONS

Definition of temperature in a Maxwellian plasma 2%:66

S oL o o a0\ Lio 2 o
5nT:n<§m(vx+vy+vz)> :/]—'M(V) <§ (v + v, +02) ) dv

Total number density of particles in a Maxwellian plasma, 2!66

n = / Fu(v)dv = 47r/w2.7:M(w) dw
all 0
velocity
space

where we have transformed to spherical coordinates such that dv =
w?sing dw df dp and w = (v2 + v} + v2)1/2,

Average (thermal) particle speed in a Maxwellian plasma 2!:67

o0

ot o ()"

n m™m

Thermal particle flux in a single dimension « for a Maxwellian plasma 267

(o olENe oRNe o]

1
I‘E// /vw}"M(V)dvrdvydvz:Zné

0 —o0 —0

5.5 Definition of a Magnetic Fusion Plasma

A fusion plasma is defined as an electrically conducting ionized gas that is
dominated by collective effects and that magnetically confines its composing
particles. If L is the macroscopic length scale of the plasma, wirangit is 1 over
the time required for a particle to cross the plasma, and vy is the thermal

particle velocity, the criteria to be a fusion plasma are: 136
Required condition Physical consequence
Ap K L Shielding of DC electric fields
Wpe > Wiransit = Vte/ L Shielding of AC electric fields
Ap>1 Collective effects dominate
prLi < L Magnetic confinment of particle orbits
Q; > vy /L Particle gyro orbits dominate free streaming
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5.6 Fundamental Plasma Definitions

5.6.1 Resistivity

Plasma resistivity of an unmagnetized plasma 5:179:183
ZegIn A
n=— ~52x10°°0 22 (0.
Ne€*Te Te \4

Spitzer resistivity of a singly charged unmagnetized plasma 26:71

1/2 o
me me e lnA
s =05l—— =05l —5—+——~
! nee?T, 36(2) (27rTe)3/2
InA

3/2
e, keV

~1.65 x 107° [ m]

Spitzer resistivity of a singly charged magnetized plasma 26:7*

Ms,)|| to B = Ts Ms,L to B = 1.96ms

Spitzer resistivity of a plasma with impurities 26:72

Ns = ZeftT]s
Spitzer resistivity of a pure non-hydrogenic plasma of charge Z

N =0.85for Z =2
N =0.74 for Z =4

26:72
n(Z) = N(Z)Zns where {

5.6.2 Runaway Electrons

Volumetric runaway electron production rate 26:74

R_ 21 E\Y? Ep 2Ep\ /2
_\/7_r7-se Ep cep 4F FE

where the Driecer electric field, Ep is 26:7
3
ne’In A
Ep= 55
TEGMeVE,
In A
~ 4582 x 10502 [V/m]
v
te
and the electron slowing down time, 7y, for v, > vy, is 26:74
_ 47re%mgvg’
e T et n A
6 Ve
~1.241 x 1076 —— [
nln A ]
Relativistic runaway electron limit (Connor-Hastie limit) 26:74
3In A
p < A
dmegmec
In A
~ 4.645 x 107322
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Chapter 6

Plasma Models

In this chapter, all units are SI with the exception of temperature, which is
defined in the historical units of eV (electron-volts).

u is the plasma flow velocity

v is the particle velocity vector

a is the particle acceleration vector

m is the particle mass

« is a general particle

Nne is the number density of particle «

p is the plasma mass density

p is the plasma pressure

a and Ry are the minor and major radius of a toroidal plasma
K is the plasma elongation

e is the fundamental charge unit

7 and e subscripts refer to the ions and electrons, respectively

6.1 Kinetic

The kinetic Vlasov equation” 10
0
A v Viva- v =c)

where C(f) is the integro-differential collision operator.

The collisionless kinetic Vlasov equation

of q _
E—{—V Vf+E(E+v><B) Vo.f=0

where in a Maxwellian distribution8: 46

f= ﬁ exp (—112/21)?)
t

49
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6.2 Two Fluids

Continuity equation 717

dng
(%), #mev va=o

Momentum equation 715

d
nama( V) — ¢ana (E+ vy xB)—i—V-(F)a:Ra

dt

Energy equation 715

3 dT,
e ([£2) + P Vve+ V- hy = Qa
2 at /.,
Maxwell’s equations 710
0B
VXE=——
8 ot
1 OE
V x B = o (Zen;v; — eneve) + 2o
V-E= ° (n; —me)
€0
V-B=0
where
Convective derivative 7*14
d\ 0
7:13

Heat generated by unlike collision

1
Qazfﬁmawicaﬁ dw

R, = /maWC’aﬁ dw

Heat flux due to random motion 7*

lnama <w2w>

h,

Mean momentum transfer from unlike particles 714
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Temperature 714

Ta = pa/na

Anisotropic part of pressure tensor 14

<>

<—> <>
Oo=Po—pol

Pressure tensor /14

<
P, =nomg (ww)

Scalar pressure "¢
1 2
Pa = FlaMma <w >

Collision operator 711

C(f) =) Cas
B
Macroscopic number density

ale,t) = [ fadu

Macroscopic fluid velocity

Vo(r,t) = i/uf,,ldu

Na
Velocity representing thermal motion of the particles
W =1u—v,(r,t)

Relations involving the collision operators C;; 711

(a) /Ceeduz/Ciidu=/Ceidu=/Ciedu:0

(b) /meuCee du = /miuCii du=0
1 2 1 2
(c) gMet Coe du = gMit Ciidu=0

() / (mouCys + msuCy) du = 0

1
(e) / 3 (meUQCei + mz-UQCie) da=0
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6.3 One Fluid

Taking the two fluid equation, we assume m, — 0 and n; = n, = n so that
717

p=mn

vV =YV,

ve =v—J/en

Additional simplifications p = nT = p. + p; and T = T, + T; lead to the

one-fluid equations 7*18
Continuity of mass equation 718
dp
LAV .pov=0
o + pv
Continuty of charge equation 718
V-J=0
Momentum equation 18
dv —
pE—J xB+Vp=-V.(II,+ II.)

Force balance 719

E+va=i(JxB—vpe—v-‘ﬁ’eRe)
en

Equations of state 719

d (pi):i(Qi—V-hi—ﬁi:Vv)

dt ﬁ 3p7

d [ pe 2 =4 J 1 De

S(Pe) - 2 Q. —V.-h,— T, ) =3y (ke

dt (ﬁﬂ) 3p7 [Qe Viohe = eV (V en)] e (W
Maxwell’s equation (low frequency limit) 719

VxB= /L()J

V-B=0
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6.4 Magnetohydrodynamics (MHD)
MHD scalings & 247

length : a >> pr; >> [pre ~ ADe|
frequency : e << vyi/a << wei << [Wee ~ Wpel

velocity : vy ~ vy << Ve << ¢

where a is the tokomak minor radius.

The MHD equations

Continuity of mass®: 252

dp
%—FPV'V—O

Momentum equation®:2°2
dv
Pat

Ohm’s law 8252

=JxB-Vp

E + v x B =0 (ideal MHD)

E +v x B =17 J (resistive MHD)

Equation of state®: 252

d (p\
a(;)—o

Maxwell’s equation (low frequency limit

_IB
ot

)8:252

VXE=

VXBZ/L()J

V-B=0

where 7| is the parallel resistivity.

6.4.1 Frozen-in Magnetic Field
In ideal MHD, it is found that 8:300

0@
dt

0

is; the magnetic flux.
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MHD relations for linear plasma devices

Case Current Relation Equilibrium Relation
. .96 B2
: : d(rB B2 B?
z-pinch %207 o, = 2420 G (p o) + =0
: : 0 d(rBy) 4 B2 B2 B?
sorew pinch 8299 oY = —4Bef 4 1A0Py 4 (p 0y B B o

6.5 MHD Equilibria

The generalized MHD equilibrium equations 8261

JxB=Vp V x B = 11oJ V-B=0

6.6 Grad-Shafranov Equation

The Grad-Shafranov equation is the solution of the ideal MHD equations in

two dimensions. In this section, Ay is the toroidal component of the vector

potential. 7:110-111

A= —pgR? Y R

where

Bz%V@Z)X&%-F/R(}S

1dF N 1 .. -
NOJ—E@V¢X¢_§A (0o}

where

v, 0 1 0y 0%y
Aw:Rﬁ(E@)*@

_ _1/
b=t =RA; = [ B, dA

F(y) = RB,

6.7 MHD Stability

This section deals with how a plasma behaves when it is perturbed slightly
from equilibrium. Therefore, most physical parameters have an equilibrium
value (subscript 0) with an added perturbed value (subscript 1). We also
definesthesdisplacement vector € = [ v7. 8:311
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Full Solutions to the Grad-Shafranov Equation

Geometry Solution
High 3 Noncircular Tokamak 7 148 %7‘2 + $rdcos(0) + ZHmr cos(mb)
Spherical Tokamak 7163 —%Z2 CR4 +ec1 + 02R2 + c3 (R4 4R222)
pr=—-V- (Poé)

p1=—& Vpo— oV - &
QE]g’)l:VX(éXB())

0%€ .
patf =F(¢)

F(€) = JXB1+J1><B Vpl
F(§) = ” (V><B)><Q+M (VxQ)xB+ V(¢ Vp+pV-§)

Then assuming all pertubed quantities Q1 = Q1 exp [—i (wt — k - r)], we can
find expressions for the first order terms by letting gt —wand V — k.

6.7.1 Variational Formulation

A different way of looking at the stability problem is given by 7:250

o W(E
K(€".¢)

where

W &) = / & F(E)dr

:__/g VxQ)xBJrM(VxB)
Q4 VY £t Vo) dr
K(e,€) = /p|s| dr

An equilibrium is stable if W > 0. The energy principle can be evaluated
simply in two cases: a conducting wall directly in contact to the plasma
(n- & (ryar) = 0) or with a vacuum region next to the plasma. A vacuum
region is more realistic than an adjacent conducting wall, so the variational
principle becomes 6W = dWg + §Wg 4+ 0Wy, where F, S, V refer to fluid,
surfacegand-vacuumsrespectively. 7261
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Wr = _/dr [‘(3‘ —& - (IxQ)+pIV £+ (&L - VpV- &L
7

(MG

1
Ws = §/d8\n-§J_\2n

B 2
Sy = & / |B1*
2 o

J

H-E1|rw =0
n-B|, =n-V x <§¢ X E) |,

where || A|| refers to the jump in A from the vacuum to the plasma.

6.8 Stability of the Screw Pinch

The general screw pinch stability with a vacuum region is given by two
different expressions. For internal modes, 7 2%

27 2R0
Ho

oW =

/ (F€2 + g€?) dr
0

with £(a) = 0. For external modes, 7293

2 r B 20 2
s — 2 fo /(f£’2+g§2) dr + [(7’”3‘22 ;”Be) rp g AL } 2
1o k§r |m| u

where £, is arbitrary and

k? / k3r? —1 9 k2 mBy
=2— ——— | rTF*+2— ( kB, — —— | F
o= g ol + (B ) w2 (n. - 222)

A~ _ImEa [1 — (K{)Ia)/(I{)Ka)]
kaK) |1— (Klp)/(1,K7)

B

www.manharaa.com



6.8. STABILITY OF THE SCREW PINCH 57

6.8.1 Suydam’s Criterion

For stability in a screw pinch 7298

B2 I\ 2
2 (q_) +8p' >0
Mo \ ¢

o AJLb
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Chapter 7

Transport

In this chapter, all units are SI with the exception of temperature, which is
defined in the historical units of eV (electron-volts).

e is the elementary electric charge

Z is the atomic (proton) number

m is the particle mass

n is the number density; nog = n/10%°

v is the particle velocity vector

p is the plasma mass density

T is the plasma temperature

X is the thermal diffusivity

q is the heat flux

|| and L indicate parallel and perpendicular to B
a and Ry are the minor and major radii of a toroidal plasma
S is a general source term

7.1 Classical Transport

7.1.1 Diffusion Equations in a 1D Cylindrical Plasma

If the following approximations are made to the MHD single fluid equations
8:451—453

(a) neglect inertial terms: p%—‘t’ =0
(b) split resistivity into components: nJ — 1 J1 +nJ)
(c) equate electron and ion temperature: T, ~ T; =T

(d) introduce the low-j tokamak expansion: B.(r,t) = By + 6B,(r,t)
where By is a constant and B, < 1

then a short calculation leads a set of diffusion-like transport equations

59
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Particles 8453

on 10 . @+ﬁ3_T 2n n O(rBy) p. — 2nTn.
ot ror "\or T or BymiLrBy Or " B

where the poloidal beta is 3, = 4uonT/Bg ~1

Temperature 8:453
or 190 oT
Magnetic field 8453
0(rBy) _ 2 %8(TB9) Do — Ui
ot or\ r Or B 140

7.1.2 Classical Particle Diffusion Coefficients

Classical particle diffusion results from coulomb collisions. No shift in the
center of mass occurs for like-particle collisions; therefore, D = 0 for like-
particles and only unlike-particle collisions lead to particle diffusion, imply-
ing Delectrons — DiOnS

n n N

Net momentum electron-ion exchange collision frequency & 27
_ 2 Wpe 5 120
Ui = £ — InA ~1.8x10°—

s A T3/ 2
keV

Random walk diffusion coefficient 8:462

- 2
Veemele 17,
D w — 4 2 R2 ~ —_—
e=Bj Tei
8:463

Fluid model diffusion coefficient

_ 2nTn o VeimeTe

Dy, = =
fm Bg 62B§
Braginskii diffusion coefficient 8463
3 N
Do = 2051002 o
BOTkeV

7.1.3 The Collision Operator
In this section, Einstein summation notation (A,B, = Y. A,B,) is used,
a

and u=v — v/, and d3v’ is a differential volume element in velocity space.
The Fokker-Planck form of the collision operator !1:2?

0 0

Cab(fa> f5) = 5— [Aﬁbfa * o0

ab
Do (Dl fa)
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where 11:28—29
pras (1+ %) v 0%
my a’l)k
%y,
Dab = _Lab
M 8vk8vl

y(v) = _8i7r /Ufb(vl)d?’v'

Rosenbluth form of the collision operator (general) 11:30

7272 InA faW) 0f(v)  fov) 0fa(v)] 33
Cab(faafb)—_Wa—Uk/Ukl[ my 0y me 0w 0"
where 11:29

U6 — upu
Uy = LM . kU
(7

Rosenbluth form of the collision operator (Maxwellian plasma) 1:37

Canlfur o) = VL) + 55 [“3 (Lus”fﬁ%uﬁ”vaf“)]

Zov [ \ma+my B

where o, = v/vrpq and 1138

L(fa)E%[ L 0 (sinﬁafa)-l- ! af“]

sin 6 00 o0 sin298—d)
2z 20
¢(x) —2¢' (2 3
G@);%z 1/%
2—11,‘2 r —
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Gz
I/H (’U) = 21/01)%

nyZ2Z2et In A

2,11724,3
47T60mavTha

ab —

Krook collision operator !1:84

C(f) =v(fo—1)

where v is chosen as some characteristic collision time and fy is a base
distribution frequency, which is often chosen to be a Maxwellian.

7.1.4 Classical Thermal Diffusivities

Random walk thermal diffusivities 8464

2 2
1 v i

Xi = — -
4 QZQT” Tig
1 0?2 2
Ye = te _, _Le

4027 Tee

Braginskii Thermal Diffusivity Coefficients (50%-50% D-T plasma) 8465

n
Xi = 0.10—= 5 /s
BT}
_ n20 2
Ye=48x1073 5 [m?/s]
BTy

7.2 Neoclassical Transport

The following formulae are only valid in the so-called “banana regime” of
tokamak confinement devices, where a significant fraction of confined par-
ticles undergo magnetic mirroring due to inhomogeneity of the magnetic
fields.

7.2.1 Passing Particles

Half-transit time 8480
l ™ Roq
T2 = — =

gl Yl

1 ~
: <vﬁ+%) (#sinf + 6 cos §)
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7.2.2 Trapped Particles

In this section, ¢ is the tokamak safety factor.

The minimum (inboard) and maximum (outboard) magnetic fields 3484
Ry Ro
Brin = B _B
min 0R0+CL max ORO_a
Trapped particle condition 3484
2
] Bum . Ro-a __a
- <1- =1— ~o0 %
02 Binax Ry +a Ry

Fraction of trapped particles (maxwellian distribution Fyy) %48

1 T—0. 2w %) 2 1/2
f:crapped = _/ sin 9d9/ d¢/ fM(U)U2d’U = cosf, ~ (R—)
n.Jo. 0 0

0

Half-bounce time?®: 487

l 2l 2w Ryq
T1/2 N — R

ueewo)
Full-bounce frequency 487
wp = Yl
2Ryq
Mean square step size (random walk model) 3488
(AD? = ((Ar)*) = 4|Ug|2 (cos? ) = 2;1)2?—11};

] iV

Mean step size (averaged over velocity) 3488

Ro\ v R
@2 (@ 0) B (250

where it has been assumed that

, 3T 3,

2 a a
v~y — = §'Uti ’UH ~ —U v —3vti
0

7.2.3 Trapped Particle Neoclassical Transport Coefficients

Random walk model neoclassical diffusion coefficient 8:489

pve — (JA) oo (@)3/2 ( 2m, T, ) s (R_)/ DL s

Teff a eQBgfei

Neoclassical diffusion coefficient (Rosenbluth, Hazeltine, and Hinton) 3:48°
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Thermal diffusivities (Rosenbluth, Hazeltine, and Hinton) 8489
R\ 32 R\ 3/2
vt (2] g (3 (1)
a a B2T /2
0~ keV

R 3/2 R 3/2
YN = 0.89¢ (_0) xS =43 x 10732 (—0) L?ﬂ [m?/s]
a a lggjLeV

7.2.4 Transport regime criteria

Definition of collisionality '':149

V' = vgR /v

The banana regime !1:149

vqR/vr <K /2

The plateau regime i 149
? < vqR/vr < 1
The Pfirsch-Schluter regime !1:149

vqR/vp > 1
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Chapter 8

Plasma Waves

In this chapter, all units are SI with the exception of temperature, which is
defined in the historical units of eV (electron-volts).

E and B are the electric and magnetic fields, respectively
b is a unit vector in the direction of B

|| and L indicate parallel and perpendicular to b

k is the wave vector

wpi is the plasma frequency for particle ¢

), is the cyclotron frequency for particle 4

X implies that X can be a complex number

8.1 Cold Plasma Electromagnetic Waves

T -E

Starting from Maxwell’s equation, linearize QQ = Q exp(ik-r—iwt), J
22:8

— i
n><n><E+(I+ )-E:O

€oW

where n = ck/w

By combining this equation with the momentum conservation equations,
J = Zj n;q;vj, setting p = 0, and setting collisionality to 0, it is possible
to solve for o. Plugging in ¢ and then writing in tensor form with Stix

notation,
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where 22:7
2
_ “pj
5= _Zw2—92
J J
2
D= & “pj
w w2 —02
2
_ “pj
P=1-2
J
w2,
* zj:w(uH—Qj)

w2

L=S-D=1 zj:w(w—gj)

For a wave propagating at an angle 6 to b 22:8

A= Ssin®6 + Pcos®
B = RLsin?0 + PS (1 + cos*6)
C = PRL
The equation can be rearranged, conveniently obtaining a handy mnemonic
(“P Nar Nal Snarl Nap”) 22:9
P (n*—R) (n* - L)
(Sn? = RL) (" = P)

tan?(f) = —

For a wave traveling at an angle 6 to b, the dispersion relation is given by
the Appleton-Hartree equation 2238

nge (w2 — %2;6)

202 (w2 — w2,) — Q2w2sin? 0 + QW%

n?=1-

1/2
Y= [93 sin 0 + 4w* (1 — 1111[2,6/4,‘12)2 cos? 9]

Polarization of a wave 22:10
iy N n?—9
E, D

8.1.1 Common Cold Plasma Waves

Defining special frequencies 5127 22:29

ances listed for single ion species plasma
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Name Dispersion Relation® 14> Type Resonance Cutoff !
w2,
Light Wave n?=1- Zj s By=0 NA Wpe
O wave n?>=Pr n 1L By NA Wpe
X wave n?=RL/S n 1 By Wk, Wik Wy, Wy
R wave n®=R n||By, right-handed €, Wy
L wave n?=1"L n||By, left-handed  Q; wy
Qe + /2 + 402,
WR = 5
— Qe + /2 4 4wl
wr, = 9

2
Wy
1+ w%e /2
For waves that are almost one of the O, X, L, R waves, with a small an-

gle with respect to the proper propogation direction, we get the following
dispersion relations. In these equations, o = wf,e Jw?. 19

wip =0 +

Wave Name  Dispersion Relation

2 ~ 11—«
QT_O nt= 1—ocos2? 0
X 2, (1-a)?w?-02sin% ¢
QT-X W= A —02sine
2 1w
QL_L n”~1 w+Qe cos O
2 1w
QL_R n”~1 w—e cos O

8.2 Electrostatic Waves

These are waves with no perturbed magnetic field. The dispersion relation
can be derived by combining Gauss’s law, momentum conservation, and
continuity equations. It is important to note that k||E. Let k lie in the (x,z)
plane, where z points the direction of b.?

2 2
ij k x

wz—QJzﬁ

(
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Electrostatic wave solutions

Solution for k Dispersion relation Solution Type
2 .
k. = 0 1— z%} =0 w? = ngj Plasma oscillations
J J
Wpj = Upper hybrid

k. = 0 1=t =0 W = Wup pper hybri

J w = wip Lower hybrid
K 7& 0 2 w? w? 4Q2w2, cos? 0 1/2 . .
k, # 0 W = —gh 4 —h (1 #) Trivelpiece-Gould

8.3 MHD Waves

Using the MHD formulation describing plasmas, one can define a perturba-
tion and analyze what waves propogate in a plasma. The matrix equation

is given below, where v, = By/+/fiopo and vs = \/vpo/po. 5314

w? — kﬁvg 0 0 I
0 w2 — k‘2 g — ]{73_’[}2 —]{TJ_]{?H’U? fy =0
0 —klknv? w — kﬁ’ug fz

MHD wave solutions

Solution Solution (< 1) Wave type
w? = kﬁ v2 Shear Alfvén 8:314
w? =% = (v ) [1+(1 - )1/2] 2~ (K2 —I—kH) v2  Compressional 8:315
Where o= 4?2 © g _%U%) Alfvén
w? & k‘ﬁvg Sound8:316

8.4 Hot Plasma

The hot plasma dispersion relations are calculated using the Vlasov equa-
tion and including finite Larmor orbit effects. Hot plasma effects are also
characterized by electrostatic and electromagnetic waves.

8.4.1 Electrostatic

The dispersion relation (general plasmas) '’

e(w,k)zl—l—ij(w,k):O

J
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o0 2 k af m; Of
2 [ s, 3 m G g+ S
Xi= k2 noj ’l)|| vLavL Z w — mQJ - kH’UH

—0o0 0
where the number subscripts refer to the linearization order.
The dispersion relation (Maxwellian plasmas)

m=0o0

14Co; Y, Trlb;)Z(Gmy)

m=—00

1
=1+ e
J Dj

where

dee”ﬁ [VTn) 2 2
Z(Gmj) = — bj = k1pL;
v / v < 2 )
Cmj = (w — mQj)/(kHvThj) Fm(bj) = Im(bj) exp(—by)

This function can be evaluated as a power or an asymptotic series.

|Gm| < 1 (kinetic limit)

ReZ(Cm) ~ —2(m [1 - ;C,zn + %Cf; + ] (power series)

|G| > 1 (fluid limit)
RZ(C)"’—i 1+i+i+ (asymptotic)
m 5cz gt o] lasymp

I' can be expanded as well as

F0z1—b+%b2+0(b3)

Dy~ (1 8) +O(F)
Ty = b?/8 4+ O(b%)
1_‘3 =~ O(bg)
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8.4.2 Electromagnetic

The dispersion relation in the electromagnetic limit'?

Ka:a: - ng Ka:y Ka:z + zz Eac
Ky Ky —nZ—n? K, E, | =0

2
Kza: + NgNz sz Kzz - nz

— 123 o,
€

j=t,el=—00

, =102
Koy =K =130 Y 4 / dv?o NI P

Ry
=102 2 12
Kee=2_ 2. 57 | @ 0iliVa
j =0
Ky =143 3 0 far o)
j =0
o0
K.=-i) > Q / dv*v v (AT (V)@
R
=102 2 2
Ko=) > H/dv oI (NP
Ry
(oo}
Koy=iy Y. Q/d”QUNHJl(/\)JZ(’\)B
PRy
Kom142 Y 0 [t
j =0

Ofoj 4 ko (0fo; _ Ofos
w2, 81}3_ w 811'2' 31,3_
Pl =2 pJ
wll; w—1Q; — ksz
Ofo; 19, ( 8fo; _ Ofo;
w2, 8vﬁ w avﬁ 902
Q=22
wll; w—18; — ksz

where A = |k v, /Q] and 9f /0v? = 0f /0 (v?)
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Dispersion relation evaluation for an isotropic Maxwellian plasma °:276
bj
Ko =1+ ”e 5 > Gn)
.7 n=—oo
w oo
Kay = ~Kpe = 1028860 3 a1, - 1,0,)] 2(6)
j n=—oo
2 _ o0
_Kk, =N e A
Ky, = Ky = w2 ( b‘)l/QQOnZX_:OOnIn(bJ)Z (gn)
j (e.9]
yy_1+2ﬂ—<o > (PLn(bg) + 265 [In(by) = L,(b)]) Z(Gn)
n=—oo
. "‘)pj bj Sy S ! !
Kyz:—Kzﬁ-ZZiﬁ ( 2 ) ™G0 Y [In(b)) — L,(0)] Z'(Ca)
n=-—00
Ko.=1-) X b v, > Lb)6 2
j n=—oo
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Chapter 9

Nuclear Physics

In this chapter, all units are SI with the exception of: temperature and en-
ergy, which are defined in the historical units of eV (electron-volts); cross
sections, which are defined in the historical units of barn; and Bosch-Hale
reaction rates, which are given in cubic centimeters per second.

e is the elementary electric charge

Z is the number of nuclear protons
N is the number of nuclear neutrons
A is the number of nucleons (N+Z7)
m is the particle mass

n is the particle number density

v is the particle velocity vector

FE is the particle kinetic energy

9.1 Fundamental Definitions

Nuclear reaction notation °:378—381

a = bombarding particle } entrance channel

a+X=>0+Y
X = target nucleus
or where b = cjected particle(s) .
X(a,b)Y = ejected particle(s }e}ﬂt channel

Y = product nucleus

X(a,b)Y general nuclear reaction

X(a,a)X elastic scattering

X(a,a’)X* inelastic scattering

X(n,n)X  neutron elastic scattering

X(n,n")X* neutron inelastic scattering

X(n,2n)Y  neutron multiplication

X(n,y)Y  neutron capture

X(n,f)Y neutron-induced fission

73
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74 CHAPTER 9. NUCLEAR PHYSICS

Nuclear mass 19:6°

m = Zmy, + Nm,, — EB/C2

Nuclear binding energy °:68

Z(Z —1) (A—27)?
A e

15:68

Ep(A,Z) = ayA — a A*® —a, +0(A, Z)

where the value of the coefficients a in MeV is

a, = 15.5 as = 16.8 a. = 0.72 aq = 23 ap = 34 MeV

apA_3/4 (Z,N even)
§(4,2)=40 (A odd)
—a, A% (ZN odd)

Nuclear reaction Q-value !5:38!

Q = ((maq +myx) — (my + my)) ¢ =FE;—F;

Reaction threshold energy (Q < 0) 5:382

my +m m
Bawa =~ (225 Yo (122
a

my +my —m mx

9.2 Nuclear Interactions

A =my/my is approximately the nucleus atomic mass number

i and f refer to initial and final, respectively

0 is the angle between the a and b trajectory in the lab frame

Ocm is the angle between the a and b trajectory in the center of mass frame

Reaction Q-value from kinematics 17384

1/2
Q=E (14—&) - E, (1—&) —2(ma72nbEaEb) cos 0
my my mi

Ejected particle energy: X(a,b)Y 15:382

(mamyEa)'"? | (mamBaG? + (my +my)imy @ + (my — my)Ed])"”

E1/2 — C
4 my + my my + my
Maximum kinetic energy transfer fraction: X(a,a)X 3

aAa,
o—0 (A1 + Ag)?

Ey
E;
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9.2.1 Charged Particle Interactions

Stopping power of heavy charged particles (Bethe formula) 17:194

dE 62 2 47TZ2NAZ,0 QmeCQﬂZ
— = ] —1In(1-p%) - B2
dx (471'60) mec232A [n( 7 ) n( 3 ) 6}

where B¢ = v and ze are the incident particle’s speed and charge;

p is the mass density of the stopping medium;

N, is Avogadro’s number;

I is mean excitation of atomic electrons, typically taken as I ~ 10Z.

Collisional stopping power of electrons 5:1%

2 \2 (B 212 32
i) (L BB
de /. dmeg ) mec?BEA 21%m.c

- (2 1—ﬁ2—1+ﬁ2>1n2+%<1—m>2]

Radiative stopping power of electrons (> 1 MeV) 15:196

41n

@ e2 2Z2NA (Ei+m602)p 4
dr ), a mec? 3

- 4meq 13Tm2ct A

M4l

9.2.2 Neutron Interactions

Ejected neutron energy: X(n,n)X 1%:448

A% +2Acos0em + 1
(A+1)°

E,f;=

Maximum kinetic energy transfer fraction: X(n,n)X 12:448

()
p—o \A+1

Neutron lethargy (E, < 10 MeV) 19:450

§:1+(A_1)21H(A_1>

En s

En,i

2A A+1
Number of collisions required to change neutron energies 5450
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9.2.3 Gamma Interactions

Klein-Nishina cross section for Compton scattering 9:201
do 9

do 1 511+ cos®d 1+ a? (1 —cosb)
a0 [T+ a(l—cosh) 2 (1+cos20) [1 +a (1 — cos0)]

where (a = E,/mc?) and (rg = €?/4megmc? = 2.818 fm) is the classical
electron radius.

Energy shift from Compton scattering 5:20
FE:
E = = ¢
L+ (mgg) (1 —cosb)

9.3 Cross Section Theory

A reaction cross section o(E,), or more simply o, is a measure of the prob-
ability that reaction X (a,b)Y will occur. Consider a beam of a particle
with current I, directed onto X target nuclei with an areal density of Nx
per unit area. By observing the energy and angular distribution, e(Ej) and
r(0, ¢) respectively, of the ejected particle b into a solid angle df2 then the
doubly differential cross section can be determined, which is the probability
of observing particle b at in solid angle df) with energy Ej. 1°:392-3%4

Doubly differential cross section 19:392-393
do _r(8.9) e()
dQdE,  4rI,Nx
15:393

Differential energy cross section

do do
N R [0
dFE, dQ) dE, d

Differential angular cross section %393

do do
a0 / dQ dE, dEy

Reaction cross section 17393

2w
do do .
o= Edﬂ—//m sin 0 df do
00
15:393

Total cross section

all reactions

or = E ;
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9.4. REACTION RATE THEORY 7

The Sommerfeld parameter 23:°
_ ZyZxe?
T T

Astrophysical S-factor 23:°

S(E) =o(E)E exp (2m1)

9.4 Reaction Rate Theory

For a thermonuclear plasma, the volumetric reaction rate R (also known
as thermal reactivity) describes the number of reactions occuring per unit
volume per unit time. In thermonuclear fusion plasmas, R is obtained by
integrating the energy-dependent cross section, o(v), over the distribution
functions of the participating species. 26:5=8

Partial volumetric reaction rate 26:=6

Ry =c(w)vfi(vi)fa(ve) v=vi—vs

Total volumetric reaction rate for general f(v) 26:6

R = 1 —|—1512 // 0'(’1))’l)f1 (Vl)fg(VQ) d31)1 d3’l)2

where 012 is the Kronecker delta for particle species 1 and 2 that prevents
double counting for like-species plasmas.

Total volumetric reaction rate for Maxwellian f(v)) 2:624 26:6

3
R = w(av) where T my
1+ 612 mimso E 1 2
= — = —mu
mi + mg 2

3\ 1/2
(ov) = (8“ ) € / o(E)EeMEIMT g a.1]
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9.5 Nuclear Reactions for Fusion Plasmas

All data from the ENDF/B-VII nuclear data libraries.*

Abbreviations: n=neutron, p="'H, d=2H, t=%H, h=He, o =*He

Reactants Products Branching Q-value
(kinetic energy in MeV) ratio (MeV)
1. d+t — «3.52) + n(14.07) 1.00 17.59
2. d+d — t(1.01) 4+ p(3.02) 0.50 4.03
—  h(0.82) + n(2.45) 0.50 3.27
3. d+h — «3.67) + p(14.68) 1.00 18.35
4. t+t — a4+ 2n 1.00 11.33
5. h+t — a+p+n 0.51 12.10
—  «(4.77) + d(9.54) 0.43 14.32
—  °He(1.87) + p(9.34) 0.06 11.21
6. p+%Li — «a(1.72) + h(2.30) 1.00 4.02
7. p+Li — 2a 0.20 17.35
— "Be+n 0.80 -1.64
8. d+Li — 2a 1.00 22.37
9. p+1"'B — 3a 1.00 8.62

9.6 Nuclear Reactions for Fusion Energy
All data from the ENDF/B-VII nuclear data libraries.*

Abbreviations: n=neutron, t=2H, B=tritium breeding, M=neutron multiplication

Reaction Q-value Purpose ¢(0.025 eV) o(14.1 MeV)

[MeV] [barn] [barn]
1. SLi(n,t)*He 478 B 978 0.03
2. 6Li(n,2na)0Li -3.96 M - 0.08
3. "Li(n,2n)°Li 7.25 M : 0.03
4. "Li(n2na)’H 872  B/M _ 0.02
5. 9Be(n,2n)*Be 157 M : 0.48
6.  204Pb(n,2n)2%Ph  -8.39 M : 2.22
7. 200Ph(n,2n)2%Ph  -8.09 M . 2.22
8. 207Ph(n,2n)2Ph  -6.74 M . 2.29
9.  203Ph(n,2n)207Ph  -7.37 M : 2.30
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9.7. FUSION CROSS SECTION PARAMETRIZATION

9.7

The Bosch-Hale parametrization of the fusion reaction cross section

U(EkCV) =

where

S(EkeV) -

Bosch-Hale parametrization coefficients for several fusion reactions

S(E)
Eexp(Bg/VE)

[millibarn]

Fusion Cross Section Parametrization

- A1+ E(As + E(Ag + E(A4 + EAs)))

1+ E(By + E(By + E(Bs + EBy)))

79

2

2

2H(d,n)3He 2H(d,p)*H 3H(dn)*He 3He(d,p)*He
Be [keV] 31.3970 31.3970 34.3827 68.7508
Aq 5.3701x 104 5.5576x 104 6.927x10* 5.7501 %106
A, 3.3027x 102 2.1054x 102 7.454x108 2.5226x103
As -1.2706x10~1  -3.2638x1072  2.050x10° 4.5566x 101
Ay 2.9327x1075  1.4987x10~%  5.200 x10* 0.0
As -2.5151x1079 1.8181x10~10 0.0 0.0
B, 0.0 0.0 6.380 x10'  -3.1995x1073
B, 0.0 0.0 -9.950x10~! -8.5530x10~6
Bs 0.0 0.0 6.981 x107° 5.9014x10~8
By 0.0 0.0 1.728 x10~4 0.0
Valid Range [keV]  0.5<E<4900 0.5<E<5000 0.5<E<550  0.3<E<900

Tabulated Bosch-Hale cross sections [millibarns]

2

E (keV) 2H(dn)®He 2H(d,p)*H 3H(d,n)*He 3He(d,p)*He
3 2.445%x10™% 2.513x10~%* 9.808x10~3 1.119x10 1!
4 2.093x1073 2.146x10~% 1.073x10~! 1.718x107°
5 8.834x1073 9.038x10~3 5.383x10~! 5.199x10~8
6 2.517x1072  2.569x10~2 1.749x10° 6.336x10~7
7 5.616x10~2 5.720x10~2 4.335x10° 4.373x1076
8 1.064x10~1  1.081x10~! 8.968x10° 2.058x 1075
9 1.794x10~1  1.820x10~1! 1.632x10! 7.374x1075
10 2.779x10~1  2.812x107! 2.702x10! 2.160x10~*
12 5.563x10~1  5.607x101 6.065x 102 1.206x10~3
15 1.178x10° 1.180x 109 1.479x 102 7.944x1073
20 2.691x10° 2.670x10° 4.077x102 6.568x 1072
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9.8

CHAPTER 9. NUCLEAR PHYSICS

Fusion Reaction Rate Parametrization

The Bosch-Hale parametrization of the volumetric reaction rates 2

_ S 3¢
v} =C1.6 muC2T5’ keV ‘

where

[cm

or

3 S—l]

x107% [m3 s71]

T(Co+T(Cy+TCh))

6=1/ <1— 1+T(03+T(C5+TC7))>

(B
= <@>

Bosch-Hale parametrization coefficients for volumetric reaction rates 2

2H(d,n)3He 2H(d,p)*H 3H(dn)*He 3He(d,p)*He
Bg [keVl/Q] 31.3970 31.3970 34.3827 68.7508
Tnuc2 [keV] 937 814 937 814 1 124 656 1124 572
Cq 5.43360x107'2  5.65718x10~'2  1.17302x107? 5.51036x1010
Cs 5.85778x 1073 3.41267x10~3  1.51361x1072  6.41918x1073
Cs 7.68222x1073  1.99167x10~2  7.51886x1072 -2.02896x10~3
Cy 0.0 0.0 4.60643x1073  -1.91080x107°
Cs -2.96400x107%  1.05060x10~°  1.35000x1072  1.35776x10~*
Ce 0.0 0.0 -1.06750x 104 0.0
Cr 0.0 0.0 1.36600x107° 0.0
Valid range (keV) 0.2<T; <100 0.2<T; <100 0.2<T; <100 0.5<T; <190
Tabulated Bosch-Hale reaction rates [m3 s=1] 2

T (keV)  2H(d,n)®He  2H(d,p)®H  3*H(d,;n)*He 3He(d,p)*He
1.0 9.933x1072% 1.017x1072% 6.857x10~27 3.057x10 32
1.5 8.284x10728 8.431x1072% 6.923x10~26 1.317x1030
2.0 3.110x10727  3.150x10727 2.977x1072° 1.399x10~2°
3.0 1.602x10726  1.608x10726 1.867x1072% 2.676x10~28
4.0 4.447x10726  4.428%x10726 5.974x1072% 1.710x10~%7
5.0 9.128x10726  9.024x10720  1.366x10~2% 6.377x10~27
8.0 3.457x1072°  3.354x10725 6.222x10~2% 7.504x1026
10.0 6.023x1072° 5.781x1072% 1.136x10~%2 2.126x102°
12.0 9.175x1072° 8.723x10725 1.747x10"%2 4.715x1025
15.0 1.481x1072% 1.390x10~2* 2.740x10722 1.175x10~2
20.0 2.603x1072* 2.399x1072* 4.330x10~%2 3.482x10**

Approximate DT volumetric reaction rate (10 < 7' [keV] < 20) 26:7

(ov)pr = 1.1 x 107472, [m® s7]
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9.9. CROSS SECTION AND REACTION RATE PLOTS

9.9 Cross Section and Reaction Rate Plots

81
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Chapter 10

Tokamak Physics

In this chapter, all units are SI with the exception of temperature, which is
defined in the historical units of eV (electron-volts).

e is the fundamental charge unit

Z is the number of nuclear protons

Ry is the major radius of a toroidal plasma

a and b are the horizontal and vertical minor radii of a toroidal plasma
Note: a = b for circular cross sections, and a is used by convention

R and r denote lengths in the major and minor radii, respectively

0 and ¢ are the poloidal and toroidal angular coordinates, respectively

B, is the magnetic field in direction x

By, is the magnetic field evaluated at the plasma edge in direction x

I, is the toroidal plasma current

p is the plasma pressure

v is velocity of the plasma

10.1 Fundamental Definitions

Inverse aspect ratio 26117
a
€= —
Ry
Plasma elongation 26:741
b
K = —
a
Plasma triangularity 26:74!
s letd)/2

a

where ¢, d are distances to the top of the plasma and the x-point,
respectively, from the plasma center.

83
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Large aspect ratio expansion (e < 1) 8:280

1 1 r
—_—~—(1- = 0
I Ro( Rocos)

Surface area of a torus

Se—torus = 4maRy (Circular cross section) 4:24
1+ k2 1/2
Se—torus = 8maRoE(k) ~ 4n’aRy ( 5 ) (Elliptical cross section)?’
Volume of a torus
Vetorus = 27a” Ry (Circular cross section) 4:24
Ve torus = 2m2a’k Rg (Elliptical cross section)?

MHD toroidal plasma volume 7112

27 21w T

V() = / / / Rrdrdfde
00 0277

=mRp / dor? (1 + (L cos 0 (low aspect ratio)
3 \ Ro

Volume averaged plasma pressure 3

Toroidal plasma beta 77!
2p0(p)
Br =
B3,

Poloidal plasma beta 77!

g — 2olp) _ 8m2a’k*(p)
"B, Kol

Radial electric field in a rotating toroidal plasma >

E, ~ V¢B9 - V9B¢ + Vp

Z;en
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10.2. MAGNETIC TOPOLOGY 85

10.2 Magnetic Topology

Toroidal magnetic field for plasma confinement 3

By (r)Ro
B¢ =~ 7R

By(r)

T coosd (valid for e < 1)

Poloidal magnetic field for plasma confinement *

By ~ polp (r)
2rr

Safety factor (general) 26:111

(r) = # of toroidal field line orbits at r
U) = 2 of poloidal field line orbits at r

Safety factor for cylindrical plasma (r,, z) 26:112

o(Pent = 7By (r) _ 2112 By(r)
@ RBy(r)  polp(r)R

Safety factor for toroidal plasma (R, 0, ¢) %288

2
1 TB¢
* or — S _ do
a0 eor = 5 / RB,
0

_ r0Bg(ro)
RoBy(ro) (1 —15/Rp)

1/2
where the flux surfaces r* = rg are circles.

Safety factor at the edge for toroidal plasma (R, 6, ) 8387
_ 27Ta2B0 . 7rk
~ poRol,  AE(K)(B/€)Y/?

where E(k) ~ [k* 4+ 2 /4(1 — k?)] is the complete elliptic integral of the
second kind and the definition of k is given by

g«

B? 2p0p | Aepiop 5
i 2k
B2 52 e 2 F)

Approximate edge safety factor for a large aspect ratio toroidal plasma 841

N 21 Bya® [ 1+ k?
T~ MoRoIp 2

8:408

Magnetic shear
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10.3 Magnetic Inductance

Definition of magnetic inductance %281

12 = / —dT
2410

volume

Normalized inductance per unit length [dimensionless] %28
,_ L/2wRy _ 2L
~ po/4m poRo

Internal inductance of a toroidal plasma %281

1, = 87Ro / Bi . _ FoRo(B7)

rar =
Ig 2#0 233(1
_ (B}
P =
Bj(a)

External inductance of a toroidal plasma

87TR0 /— rdr = ug Ry (ln 8—R0 — 2)
a

L —21118—RO—4
a

8:281

10.4 Toroidal Force Balance

Equation of toroidal force balance 827

/f{-(JxB—Vp)dT:O

where

pod =V x B = %8—%9—18— (%TBQ) é

R-JxB=

—aon | 22 (B_) (B0 (B )| B0 (o)

The hoop force®: 280

28 2 2 Bg ®
Firoop = L;,+ L, R=2 l; +7¢ )2 R
I2 ~
_ Kol (1 %—1+£>R
a 2
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The tire tube force 8:280

Fiire = 272a%(p) R
,U«OIgﬂp o
=—R
4
The 1/R force 8:280

B2 B%)\ .
Fl/R:27r2a2 ﬂ_ﬁ R
210 2p0

,U,(]I2 A

where (p) = ﬁ <B§>a — <B§>) + Bga)
have been used.

The vertical field force on toroidal plasma ring 8282

Fyert = _27TROBvertIp R

The vertical magnetic field required to balance toroidal forces 8282

Fhoop + Fiire + Fl/R

Bver =
' 27 Rol,,

€ 2u0(p) | Bia— <B§5>>

= —Bgg | le + ;i +2+ +
47 < B3, BZ,
,U,(]Ip S8R 3 &

= o 2,
47rR0(n o 2Tyl

Shafranov shift of the plasma center 72129

b2 ll -1 CL2 b Bvert
A_2_RO[(5,,+_2 )(“ﬁ)“ﬂa}—w)

10.5 Plasma Para- and Dia-Magnetism

Global pressure balance equation in a screw pinch 8:270
1
) =5 (B2, — (BZ) + B3,)

can be rearranged to give

_ BlL.—(BY)
B,

Bp = +1

Paramagnetic : 8, > 1
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10.6 MHD Stability Limits

Using experimental data from a wide variety of tokamaks, empirical scalings
for critical tokamak instabilities have been constructed. Units: current in
MA, length in m, magnetic field in T, and density in nog = n/10%.

(a) Beta limits (no plasma shaping)
1
< -
P = B B,
B, = 0.028 Troyon kink limit - no wall®*
Br. = 0.044 Sykes ballooning limit - no wall
61 = 0.06 kink - ideal conducting wall

(b) Definition of By 26347

CLB¢

o = BI%) T g

(c) The Greenwald (or Density) Limit 26:377

1,[MA]
2

ngy < ng =
™a

10.7 Tokamak Heating and Current Drive

(a) Ohmic plasma heating

The neo-classical resistivity approximation is %38

1 Spitzer
3l
[1 - (r/Ro)'/?]

m =

Plugging in for the current as J; = Eo/n %53

—2 2
. ( 5.6 x 10 ) <R0 (I[MA]) ) W]

1 —1.31€/2 + 0.46¢ azﬂTg/‘g
€

(b) Neutral beam plasma heating 26:246—248

netlnA Qmé/ 2Eb . ml?;/ 2
=my
2regmi \ 3(2m)12T%  93/20m, 15,
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TOKAMAK HEATING AND CURRENT DRIVE 89

where Ej, is the energy of the beam.

The critical beam energy when the ions and the electrons are heated
equally by the beam is

A
E, = 14.87?3@

7

10.7.1 Current Drive

(a)

Inductive current

This current is driven via the central solenoid. The current distribu-
tion is calculated through the use of Faraday’s law and J); = Eo/7.
Total current normally has to be measured in order to normalize the
distrubition of current density.

Bootstrap current

Bootstrap current is the self-generated current drive in the plasma
from trapped and passing electrons in the plasma.

The exact form of the bootstrap current density is given by 4%

, RO\Y? T [on n oT
=—471¢(22) = |Z=4+0.04=—
B 7q(r) By 8T+00T87"

The total bootstrap fraction is given by %496

0 0 r\"? 1
~—1.18— + — — ~ el/?
fB 1'1887" (Inn O.O4lnT)/aT (InrBy) (RO) Bp ~ €73,

Neutral beam current drive

By positioning a neutral beam in the tangential direction, it is pos-
sible to drive both rotation and current. Neutral beam current drive
efficiency scales as (at Ep = 40A4,T.)°

0.06T;
I[A]/P[W] ~ " (1—2Zy/)Z,
[A]/P[W] ngoRZb( b/ Zet)
Lower hybrid current drive

Currently one of the most used current drive mechanisms is the lower
hybrid system. It launches a wave that Landau damps on the fast
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T[A}/PW] = 1.17/ (n Ronao

There exists an accessibility condition for the waves which forces an
increase in the launched ny 22100

1/2) 2

where S, P, and D are defined in Chapter 8.
Because LHCD relies on Landau damping, there is an additional con-

straint on the n|: Landau damping dominates at nﬁ pe 7.O/Tkle/$9

D?
2 1/2

(e) Fast Magnetosonic wave current drive

Allows peaked on-axis profiles and has the following current drive ef-
ficiency©

TkeV
nog o

I[A]/P[W] = 0.025

10.8 Empirical Scaling Laws

10.8.1 Energy Confinement Time Scalings

Goldston auxiliary heated tokamak scaling (1 refers to the plasma size ~ a)
26: 152

e ~ BpM®/nT
The ITER-89 L-Mode (ITER89-P) 26:740

TE = 0.04811(\]/’[85Ré'2a0'3ﬁ0'5ﬁgbl38'2A0'5P]\_40’5 5]
The ITER-98 L-Mode 7

TE = 0.023]}?}[96Br%0371(1)940M0'20R1'836_0'06H0'64PJ\7[%/73 5]
The ITER-98 (IPB98[y,2]); ELMy H-mode!”

TH = 0.0562[&93B%15n(1)g41M0'19R1'97eo'58m0'78PA}%Q B
Scaling for linear regime energy transport!”
= 0.0Tngoqr"’aR?  [s]

Critical density of linear to saturated regime!”
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10.9. TURBULENCE 91

10.8.2 Plasma Toroidal Rotation Scaling
Plasma toroidal rotation (Rice) scaling?’

AVior x AW/,

The 2010 multi-machine scaling database found that (with v, being the
Alfvén speed)?”

v/v, = 0.65 7144q]2-'3
where ¢; = 2rka’B/uoRI,

10.8.3 L-H Mode Power Scalings

The ITPA empirical scaling law for the L to H mode transition power thresh-
old 16

Py [MW] — 2.156i0'107713’0782:t0'037B%772:t0'031a0'975i0'08R0'999i0'101

10.9 Turbulence

Fundamental definitions 20:422-424

e = mjv® /2T

The diamagnetic drift velocity 26420
4§ = ———5
T B

Diamagnetic frequency 267421
! eBn dr

Ion Larmor radius evaluated at the sound speed?

ps = Cs/Qi

Normalized Larmor radius
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10.9.1 General Drift Wave Turbulence
Mixing length estimate?®
ferS/no ~ 1/kJ_Ln

Density fluctuations and plasma potential correlation 2

7 /o ~ (e&/kTe) (1 i0)

where 0 is the dissipation of the electron momentum to the background
plasma.

Time averaged electrostatic turbulent flux of particles f‘, momentum 1,
and heat Q?°

(AVP) x B
B2

W= <(—V¢B>2< B, 17||B/B> <_WB7§B + 77||B/B>>

s (—M + (Tf)H)B/B) + % (—M + <ﬁf)||)B/B)

r=-— + (id))B/B

B2 B2

where fluctuating values are marked by a tilde and ( ) is a time average.

Time averaged momentum and and energy fluxes due to fluctuating mag-
netic fields?®

10.9.2 General Drift Turbulence Characteristics

Perpendicular drift wave turbulence is characterized by pg, with k)| < k1.
and k| pg depending on dissipative mechanism, linear free energy source,
and nonlinear energy transfer.

Ion thermal gradient (ITG) turbulence occurs when n; > 7t ~ 1 and has
the following approximate characteristics
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NG E=-v Na(X)
B
z -
¥
N(x) N.(x)
B K
| Y

(a) Fluctuations without parallel electron dissipation. (b) Fluctuations with fi-
nite electron dissipation. Figure from Tynan et al 2009. Copyright 1999 by the
American Physical Society.

R/LTi > R/LTi|crit ~3—-95

Uph ™~ Udj4

Trapped electron mode (TEM) instabilities occurs at approximately k| pg ~
1. At higher wavenumbers the TEM transitions into the electron thermal
gradient (ETG) instability with e > et ~ 1 and the following approximate
characteristics

kips~1—10

R/LTe > R/LTe|crit ~3—-5

10.9.3 Passing Particle Instabilities

In this section, it is assumed that kHUte >>w >> k||vti, such that electrons
respond to the electrostatic potential. Also, the frequency of the magnetic
curvature drifts is assumed to be 26:422

wgi = 2Lpwsi/R < w
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The passing particle dispersion relation 26:424

o, (LR N[0 _%( L LAY
P 522 (bl/Q(Te/Ti)qQ) (aa “’sx) DA &v)
O—-1 ~

((Te/mm +m) *b)] ?=0

where x is ~the distance from the reference mode rational surface m =
nq(r) and ¢ is the perturbed electrostatic potential.

Ton thermal gradient (ITG, eta-i, n;) toroidal frequency 26:428
witG ~ (Mwswa;)'/?

ITG critical instability limit 26429

1.2 R/Ln < (R/Ln)crit
Nic = 4 4 T;
g (1 + T) (1 + 28/q) R/Ln R/Ln > (R/Ln)crit
e
where
0.9
(R/Ln)crit =

(1+T3/Te)(1 4 2s/q)

Electron thermal gradient (ETG, 7, mode) dispersion relation with T; ~ T,
26: 429

2,2
k||vte

w?

Wxe
=0
w

(1— w*e(1+ne)) F1+
w

If 5. >> 1 then there is an unstable mode with 26:429 o ~ (—kﬁvgenew*e)l/g’

10.9.4 Trapped Particle Modes

The collisionless trapped particle dispersion relation 26:432

1 (1+1)_1w—w*i 1 w— Wie
\/2_6 T; T. T w— we; Te w — Wge

where

2 2
_ Wdj )| vy k.
= || — 0+ —sinf
W 5 [(UThj) + (%Thj) ] {cos 6 + o sin 6}

This dispersion relation gives rise to the trapped ion mode if veg = v /€ > wy;
and has growth/frequency 26:433-434

: (14+1T./T3)? ve

€
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Parameter Approximate range Approximate length Mode
in ky (cm™1) scale(cm)
<1 60 ITG
<2 1 ITG, TEM
Density fluctuations () <7 1-10 ITG, TEM
3-12 1 TEM
> 20 1, 20 ETG
Temperature fluctuations (7) <1 1 ITG
Flows, GAMs, ZF <1 1 ITG
1. T, cross phase <1 1 ITG

This mode has the largest imaginary part if v, &~ €%/%w,e.

The TEM can be calculated due to the trapped particle dispersion relation.

The mode is driven by trapped electron collisions and electron temperature

gradients. 26:434—435

If vegp > wse then the growth rate is

2
~ 63/2 Wie

Y Me

e
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Chapter 11

Tokamak Edge Physics

In this chapter, all units are SI with the exception of temperature, which is
defined in the historical units of eV (electron-volts).

e is the elementary electric charge

q is the total particle charge

Z is the particle atomic (proton) number

T is the plasma temperature

n is the plasma number density

p is the plasma pressure

e and 17 refer to electrons and ions, respectively

a and Ry are the minor and major radii of a toroidal plasma

11.1 The Simple Scrape Off Layer (SOL)

The simple SOL model describes 1D plasma flow from the core plasma to
material boundary surfaces for limited or diverted plasma along the toroidal
magnetic topology. By assuming a high degree of collisionality (v,), fluid
approximations for plasma flow are valid and the neoclassical effects on par-
ticle orbits due to toroidal magnetic topology can be safely ignored.

Parallel SOL connection length (rail/belt limiters, poloidal divertors) 2!:17
L~ mRq

Particle time in the SOL (simple 1D model) 2!:20
tawen = L)/ cs

SOL width (simple 1D model) 2!:23
AsoL ~ (DLLH/(:S)I/2

where D | is the anomalous diffusion coefficient.

97
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98 CHAPTER 11. TOKAMAK EDGE PHYSICS

Force balance / pressure conservation in the SOL 21:47
Pe + pi + mnv? = constant

Plasma density variation along the SOL 21:47

n(z) =

™
14 M(z)?

where ng is the density at the 'top’ of the SOL and
M = v/cq is the plasma mach number.

Electrons follow a Boltzmann distribution in the SOL 21:28

n = ngexp (eV/T,)
SOL particle sources: ionization (i) and cross-field transport (t) 213540
Sp = Spi + Sp.t = Nplasmameutrals (V)i + Din/Nor
where (ov); = (ov);(Te, Z) is the ionization rate coefficient.

Particle flux density in the SOL at the sheath edge (se) 2':47

1

1_‘se = Enocs

where ng is the density outside the pre-sheath.
Electric field through SOL required to satisfy the Bohm Criterion 2!:4®
T
Vee = —0.7—=
e

Floating sheath voltage 27

V.= 052 m {%% (Z + 2)]
e m; T,

Debye sheath width 2127

€0Te ) 1/2

Ne€?2

>\Debye ~ (

11.2 Bohm Criterion

The Bohm Criterion is derived from conservation of energy (1/2m;v? =

—eV') and particle conservation (n;v = constant). In an unmagnetized
plasma it sets the SOL plasma exit velocity into the sheath edge (se). In
magnetlzed plasma, it sets the SOL plasma exit velocity parallel to the mag-
I after which the ions become demagnetized and perpendicularly
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enter the sheath; electrons remain magnetized. 2161798

Bohm Criterion (assuming T} = 0) 2!:73

(Te)1/2
Use 2 | — = Cs
my;

Bohm Criterion (general form)

0o
[t

vZ T T,
0

21:76

11.3 A Simple Two Point Model For Diverted SOLs

Diverted plasmas can obtain significant AT along the SOL, resulting in di-
vertor temperatures less than 10 eV. The SOL can be approximated using
a two point model: point 1 is the outboard midplane entrance to the SOL
(“upstream” or “u”) and point 2 is the divertor terminus of the SOL (“tar-
get” or “t”). It is assumed that upstream density, n,,, and the heat flux into
the SOL, g, are control parameters; upstream and target temperatures, Ty,
and T3, as well as plasma density in front of the target, n;, are subsequently
determined.

11.3.1 Definitions

Dynamic and static pressure 21435

M2 <1

=nT (1 + M? where
P ( ) {Mt2 ~ 1 (Bohm Criterion)

Heat conduction parallel to magnetic field 2! 187

dT keo A~ 2000 [W m™! eV7/?]
= —koT??—— wh ’
Al cond ’ e { kio~ 60 [Wm™ eV

Sheath heat flux transmission coefficient at a biased surface 21:652

T, eV me 7\ eV
—9 _ 8 oo ez 4 22 v :
V=S ot { T ( + Te)} exp 7 )T

where T, # T;, x; is the electron-ion recombination energy,
and no secondary electrons emitted.
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11.3.2 Fundamental Relations

SOL pressure conservation 21224

20Ty = ny, 1o,

SOL power balance 2!:224

T7/2+%

T =T, 2kq

SOL heat flux limited to sheath heat flux 2!224

q| = yniTicst ~ 7 (D-D plasma, floating surface)

11.3.3 Consequences

Upstream SOL temperature 21226

Tan L 2/7
T, ~ ( ;1 ]g ) assuming that T:/ < TJ/ 2
0

— T, is independent of n,,
— T, is insensitive to parameter changes due to the 2/7 power
— q) is extremely sensitive to T}, due to the 7/2 power

Target SOL temperature 2!:227

10/7
N 2m; 9

" y2e? (Lko)YTn2

t
— T} is proportional to Elg—
Target SOL density 21227

n_z TqL 6/7’}/262
2k0 4mi

nr =
2
qj

— np is proportional to n3
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Chapter 12

Tokamak Fusion Power

In this chapter, all units are SI with the exception of temperature and en-
ergy, which are defined in the historical units of eV (electron-volts).

n is the plasma density; nog = n/ 10%°: ng = ne =~ n;

T is the plasma temperature; Tiey = 1 in units of kiloelectron-volts
p is the plasma pressure

v is the radialprofile peaking factor

P is a power density

S is a total power

U is a total energy

FE is the nuclear reaction energy gain

e is the elementary electric charge

q is the total particle charge

Z is the particle atomic (proton) number

e and ¢ subscripts refer to electrons and ions, respectively

D and T refer to deuterium and tritium, respectively

k is the plasma elongation; k=b/a

a,b, and Ry are the 2 minor and major radii of a toroidal plasma
V' is the volume of the plasma

12.1 Definitions

Fusion power density 268

1
2
Pfusion = nDnT<UU>DTEfusion = Zne (UU>DTEfusion

Fusion power 26:22

™
Stotal = EEfusion / n2<UU>DTR s

plasma
cross
section

) e W

101
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where it has been assumed that:

2 v
Pressure profile: nT =nT (1 — 7:—2)
a
Reaction rate: (ov)pr ~ 1.1 x 1071 T2,
Plasma cross section: a = (ab)'/?

Alpha power density 26:10

1
P, =npnr{ov)prE, = ZTLg(Uv)DTEa ~ (1/5) Prusion

Neutron power density 26:10

1
Pneutron = nDnT<U'U>DTEneutron = an <U'U>DTEneutron ~ (4/5)Pfusion

Ohmic heating power density 26:240

Pohmic ~ 77‘]2

plasma

Stored energy in confined plasma, 26:9

W = /3an7' =3(nT)V
Definition of energy confinement time 26:°

Stored energy in the confined plasma W

TR = _
E ™ Power lost from the confined plasma, Sloss
Power loss from a confined plasma due to conduction 26:9-10
3nT
P conduction = —_
TE

Power loss from a confined plasma due to bremsstrahlung radiation 26:227—228

_ 1/2 _
Pbremsstrahlung ~ (535 x 10 37)Z2neniTke/V [W m 3]

12.2 Power Balance in a D-T Fusion Reactor

Confined fusion plasmas are not in thermal equilibrium, and, therefore,
power must be balanced in a steady-state tokamak reactor. Power that is
lost from the confined plasma due to conduction, radiation and other mech-
anisms must be continuously replenished by alpha particle and auxilliary
heating mechanisms.

0= (P alpha + P, auxilliary) - (P conduction T B bremsstrahlung + .. )

where

= Iohmic T PICH + PECH + Pneutral beam + - - -

www.manharaa.com




12.3. THE IGNITION CONDITION (OR LAWSON CRITERION) 103

12.2.1 Impurity Effects on Power Balance
The fractional impurity densities f; = n;/ng in the plasma core cause:

(a) Modified quasi-neutrality balance 26:36

ne:np+nT+Zan
J

(b) Increased radiated power loss *

Pbremsstrahlung ~ (535 X 10_37)”3T1(1(.;‘/\%Zeff [W m_3]
(c) Dilution of fusion fuel 3

1
Palpha = an(l - Z ijj)2<UU>Ea
J

12.2.2 Metrics of Power Balance

The physics gain factor for D-T plasma 26:12
Qohvs = %nz<0v>Efusion : Vplasma . 5P,
. Pheating B heating
where

(a) Qpnys=1 is break even

(b) Qphys >5 is a burning plasma

(c) Qphys = o0 is an ignited plasma
The engineering gain factor 3

Pout

Q 7 electricity
eng — in
electricity

12.3 The Ignition Condition (or Lawson Criterion)

The ignition condition describes the minimum values for density (n), tem-
perature (T'), and energy confinement time (7g) that are required for a con-
fined plasma to reach ignition. Ignition is defined as Pypha > Hoss; Where
P, uxittiary = 0. 26:10-15 For a given temperature, T, the following equa-
tions describe the minimum n7g required to reach ignition under different
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(a) Palpha = 4"conduction 26:10—11
12kT
nTp =
P (ov) By

Using (ov)pr ~ 1.1 x 10772, and E, = 3.5MeV 3

nTtp > 3 x 10 m™ keV s

_ 3
(b) P, alpha — P conduction T B bremsstrahlung

12kT
(V) By — 2.14 x 10736712

nTg =

_ . . oy _ 3.
(C) P, alpha = Peonduction+ 5 bremsstrahlung with alpha impurities f, = na/ Ne

12kT
(1= 2fa)2(00) Bo — (1 4 2£4)2.14 x 10-36T1/2

e

nTg =

. . . oy 3
(d) Papha = Peonduction T bremsstrahlung with impurity densities f =Ny /me

12kT
(1= 3 f;2)%(00) Ea — (2.14 x 1030 Zg T3
J

nrTg =
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Chapter 13

Tokamaks of the World

e Comprehensive list of all major tokamaks with parameters
www . tokamak.info

e ASDEX-U (Garching, Germany)
http://www.ipp.mpg.de/ippcms/eng/for/projekte/asdex/techdata.html

e Alcator C-Mod (Cambridge, USA)

http://www.psfc.mit.edu/research/alcator/

e DIII-D (San Diego, USA)
https://fusion.gat.com/global/Home

e EAST (Hefei, China)
http://english.hf.cas.cn/ic/ip/east

e FTU (Frescati, Italy)

http://www.efda.org/eu_fusion_programme/machines-ftu_i.htm

e Ignitor (Kurchatov, Russia)
http://www.frascati.enea.it/ignitor

e ITER (Cadarache, France)
http://www.iter.org/mach

e JET (Culham, United Kingdom)

http://www.jet.efda.org/jet/jets-main-features

e J-TEXT (Wuhan, China)

http://www.jtextlab.com/EN/SortInfo.aspx?sid=43

e JT-60SA (Naka, Japan)

http://www-jt60.naka.jaea.go.jp/english/figure-E/html/figureE_jt60sa_5.html

e KSTAR (Daejeon, S. Korea)

http://www.pppl.gov/kstar/html/about_kstar.html

e NSTX-U (Princeton, USA)

105
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http://www.psfc.mit.edu/research/alcator/
https://fusion.gat.com/global/Home
http://english.hf.cas.cn/ic/ip/east
http://www.efda.org/eu_fusion_programme/machines-ftu_i.htm
http://www.frascati.enea.it/ignitor
http://www.iter.org/mach
http://www.jet.efda.org/jet/jets-main-features
http://www.jtextlab.com/EN/SortInfo.aspx?sid=43
http://www-jt60.naka.jaea.go.jp/english/figure-E/html/figureE_jt60sa_5.html
http://www.pppl.gov/kstar/html/about_kstar.html
http://nstx-u.pppl.gov/
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e SST-1 (Gandhinagar, India)
http://www.ipr.res.in/sst1/SSTiparameters.html

e T-10 (Kurchatov, Russia)

e T-15U (Kurchatov, Russia)
www.toodlepip.com/tokamak/t15-ft_p7-3.pdf

e TCV (Lausanne, Switzerland)
https://crppwww.epfl.ch/tcv

e TEXTOR (Jiilich, Germany)

http://www2.fz-juelich.de/ief/ief-4//textor_en

e TFTR (Princeton, USA)
http://w3.pppl.gov/tftr/info/tftrparams.html

e Tore Supra (Cadarache, France)
http://www-fusion-magnetique.cea.fr/gb/index.html
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Tokamak R a € By“ Ip K 1 Vp Pulse Config’ PFC* ICRH ECRH LHCD Beam

(m)  (m) (T)  (MA) m™) (s MW)  (MW)  (MW)  (MW)
ASDEX-U 165 05 030 3.1 14 18 04 14 10 SN C/W 6 4 - 20
C-Mod 0.67 022 0.33 8 2 1.7 06 1.0 2.5  L/SN/DN M 6 - 1 -
DIII-D 1.66 0.67 040 2.2 3 26 1.0 12 5 SN/DN C 5 6 - 20
EAST 170 040 024 35SC 05 2 0.5 13 1000 DN/SN C 3 0.5 4 -
FTU 093 03 032 8 1.6 17  0.55 3 1.5 L SS/M/W 0.5 1.3 2.5 -
Ignitor? 132 047 036 13 11 183 04 11 10 L M (18-24) - - -
ITER® 62 2 032 53SC 17 1.8 05 837 400 SN Be/C/W 20 20 - 33
JET 296 096 032 38 5 1.7 033 200 92  L/SN/DN  Be/W - 7 - 34
JT-60SA’ 316 1.02 032 27SC 55 183 057 132 100 DN C - 7 - 34
J-TEXT 1.05 026 0.25 3 0.4 1 - 14 0.3 L/SN/DN C - - - -
KSTAR 18 05 028 35 20 20 08 18 20 DN C 6 - 1.5 8
NSTX-U 0.93 057 061 1.0 20 25 03 15 5 SN/DN C/Li 3 0.35 - 10
SST-17 11 02 018  3C 022 19 08 2 1000 DN C 1.5 0.2 1 0.8
T-10 1.5 036 024 5 0.8 1 - 4 1 L SS/C - 2 - -
T-15 243 042 017 35SC 1 147 0.25 12 1000 SN C - 7 4 9
TCV 0.88 025 028 14 12 28 -0.7-1 3 4  LJ/SN/DN  SS/C - 4.5 - -
Textor 175 047 027 28 0.8 1 - 8 10 L/SN ss/C 4 1 - 4
TFTR" 252 0.87 035 56 2.7 1 - 6 10 L C 12.5 - - 39.5
Tore Supra 225 0.7 031 45SC 17 1 - 22 390 L C 9 2.4 5 1.7

“Magnet coils are conducting unless denoted as superconducting (SC)

Plasma configuration: L = limited; SN = diverted single null; DN = diverted double null

“Plasma Facing Components: Be = beryllium; C = CFC/graphite; Li = lithium; M = molybdenum; SS = stainless steel; W = tungsten
dProposod; construction not begun

“Construction begun; first plasma predicted 2019

fConstruction begun: first plasma predicted 2014

9Construction begun: first plasma predicted 2012

"Decommissioned in 1997
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I" factor, 69
On, 88

€, 83

Vs, 64

Py 91

ps, 91

¢ function, 69
q, G, 85

1/R force, 87

Alcator C-Mod, 105
Alfvén speed, 45
Ampere’s law, 25
Appleton-Hartree, 66
ASDEX-U, 105
Astrophysical S-factor, 77
Atomic constants, 21

Banana regime, 64
Basis functions of Laplace’s equation,
16
Beam-electron collision frequency, 40
Beam-ion collision frequency, 41
Bessel functions
Asymptotic forms, 14
equation, 13
Modified asymptotic forms, 16
Modified equation, 14
Modified useful relations, 15
Plots, 14
Useful relations, 14
Beta limit, see Troyon limit
Bethe formula, 75
Binary coulomb collisions, 37
Biot-Savart law, 26
Bohm criterion, 98
Bootstrap current, 89
Bounce frequency, 63
Bound electric charge, 27
Braginskii diffusion coefficient, 60

Braginskii thermal diffusivity coeffi-
cients, 62

Bremsstrahlung power losses, 102

Brewster’s angle, 31

Capacitance, 28
Center of mass transformation, 37
Charged particle interactions, 74
Circuit electrodynamics, 27
Classical electron radius, 76
Classical transport, 59
Cold plasma dispersion relation, 65
Cold plasma waves

L-wave, 66

Light wave, 66

O-wave, 66

R-wave, 66

X-wave, 66
Collision frequencies

Definition, 39

Evaluation, 39
Collision frequency scalings, 39
Collision operator relations, 51
Collision operators, 60
Collisionality, 64
Complimentary error function, 19
Compressional Alfvén wave, 68
Compton scattering, 76
Conduction power losses, 102
Connection length, 97
Connor-Hastie limit, 47
Conservation laws, 28
Conservation of charge, 29
Coulomb force, 26
Coulomb logarithm, 39
Couloumb gauge, 32
Crook collision operator, 62
Cross sections

Definitions, 76

Parametrization, 79
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Plotted data, 81
Tabulated values, 79
Curl theorem, see Stoke’s theorem
Curvature drift, 36
Cyclotron frequency
in plasmas, 43
Cylindrical coordinate systems, 10

Debye length, 44
Debye sphere, 44
Density limit, see Greenwald limit
Diamagnetic drift frequency, 91
Diamagnetic drift velocity, 91
Diamagnetic plasmas, 87
DIII-D, 105
Dipoles, 27
Displacement electric field, 27
Divergence theorem, see Gauss’s the-
orem

Driecer electric field, 47
Drifts

Curvature, 36

ExB, 36

grad-B, 36

Polarization, 36

ExB drift, 36

EAST, 105

Electric field of a moving charge, 32

Electric potential, 25

Electromagnetic force density, 29

Electron collision time, 40

Electron thermal gradient instability,
93, 94

Electron-electron collision frequency,
39

Electron-ion collision frequency, 39

Electrostatic boundary conditions

In matter, 27
In vacuum, 26

Electrostatic waves, 67

Electrostatics, 25

Elongation, 83

Energy confinement scalings, 90

Energy confinement time, 102

Energy stored in EM fields, 26

Energy transfer time, 40

Engineeringsgain factor, 103
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Equations
1D cylindrical diffusion, 59
Bessel’s equation, 13
Grad-Shafranov, 54
Legendre’s equation, 13
Maxwell’s, 25
Vlasov, 49
Wave, 30

Error function, 18

ETG, see Electron thermal gradient

instability
External inductance, 86

Faraday’s law, 25

Fast Magnetosonic wave CD, 90
First adiabatic invariant, 37
Fokker-Planck collision operator, 60
Fresnel equations, 31

Frozen-in law, 53

FTU, 105

Fundamental theorem of calculus, 12

Gamma interactions, 75

Gauss’s law, 25

Gauss’s theorem, 12

Gaussian integrals, 16

Goldston scaling, see Energy confine-
ment scalings

Grad-B drift, 36

Grad-Shafranov equation, 54

Greenwald limit, 88

Gryo motion in E and B fields, 35

Gyro radius

in plasmas, 44

H-field, 27

Heat conduction, 99

Heat flux tranmission coeficient, 99

Hoop force, 86

Hot plasma waves, 68
Electromagnetic, 70
Electromagnetic (maxwellian), 71
Electrostatic, 68

Ignition condition, 103
Ignitor, 105

Index of refraction, 31
Inductance, 28
Inductance of plasma, 86
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Inductive current, 89

Intensity, 30, 31

Internal inductance, 86

Inverse aspect ratio, 83

Ton collision time, 40

Ion thermal gradient instability, 92,
94

Ton-electron collision frequency, 39

Ton-impurity collision time, 40

Ton-ion collision frequency, 39

ITER, 105

ITG , see Ion thermal gradient insta-
bility

J-TEXT, 105
JET, 105
JT-60SA, 105

Klein-Nishina cross section, 76
KSTAR, 105

L-H mode power scalings, 91

Large aspect ratio expansion, 83

Lawson criterion, see Ignition condi-
tion

Legendre polynomials, 12

Legendre’s equation, 13

LHCD, 89

Lienard-Wiechert potentials, 32

Lindear regime scaling, 90

Lorentz force law, 26

Lorentz gauge, 32

Lower hybrid oscillations, 67

Mach number, 45
Magnetc field of a moving charge, 33
Magnetic boundary conditions
In matter, 27
In vacuum, 26
Magnetic inductance, 86
Magnetic mirroring, 36
Magnetic moment, 36
Magnetic shear, 85
Magnetic turbulence flux of energy,
92
Magnetic turbulence flux of momen-
tum, 92
Magnetic vector potential, 25
Magnetization, 27
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Magnetohydrodyamics, 52
Maxwell’s equations

In matter, 27

In vacuum, 25
Maxwell’s stress tensor, 29
Maxwellian distribution function, 45
MHD Equations, 53
MHD equilibrium equations, 54
MHD stability, 54
MHD waves, 68
Mirroring condition, 37

Neoclassical transport, 62
Neutral beam current drive, 89
Neutral beam energy loss, 41
Neutral beam heating, 88
Neutron interactions, 75
Neutron lethargy, 75
NSTX-U, 105

Nuclear binding energy, 74
Nuclear constants, 21
Nuclear Interactions, 74
Nuclear mass, 73

Ohm’s law
Macroscopic, 28
Microscopic, 28
Ohmic heating, 88
One fluid model of plasma, 51
One-fluid equations, 52

Paramagnetic plasmas, 87
Partial differential equations, 16
Particle transport coeflicients
Classical, 60
Neoclassical, 63
Passing particle dispersion relation,
93
Passing particle modes, 93
Pfirsch-Schluter regime, 64
Physics gain factor, 103
Plasma distribution function, 45
Plasma frequencies, 43
Plasma oscillations, 67
Plasma parameter, 44
Plasma pressure, 84
Plasma resistivity, 47
Plasma temperature definition, 46
Plateau regime, 64
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Polarization, 27
Polarization drift, 36
Poloidal beta, 84

Poloidal magnetic field, 85
Power balance, 102

Power densities, 101
Poynting vector, 29
Poynting’s theorem, 29

Q
Fusion, 103

Nuclear reactions, 74
Quasi-transverse waves, 67

Radial electric field, 84
Radiation pressure, 30
Radius of curvature, 36
Random walk diffusion coefficient, 60
Reaction rates
Definitions in plasma, 77
Parametrization, 80
Plotted data, 81
Tabulated values, 80
Reaction threshold energy, 74
Reduced mass, 38
Reflection coefficient, 31
Retarded time, 32
Rice scaling, see Toroidal rotation scal-
ing
Rodrigues’ formula, 13
Rosenbluth collision operator, 61
Runaway electrons, 47

Safety factor, 85

Scrape off layer (SOL), 97
Screw pinch stability, 56
Semi-empirical mass formula, 73
Shafranov shift, 87

Shear Alfvén wave, 68

Single particle drifts, 36

Snell’s law, 31

Sommerfeld parameter, 77
Sound speed, 45

Sound wave, 68

Speed of light in material, 30
Spherical coordinate systems, 11
Spitzer resistivity, 47

SST-1, 105

Stoke’s theorem, 12
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Stopping power, 75
Stored plasma energy, 102
Surface area of a torus, 84
Suydam’s criterion, 56

T-10, 105
T-15U, 105
TCV, 105
TEM, see Trapped electron mode
TEXTOR, 105
TFTR, 105
Thermal diffusivities (Classical), 62
Thermal equilibration, 40
Thermal speed, 43
Times
electron collision, 40
electron slowing down, 47
energy tranfer, 40
ion collision, 40
ion-impurity collision, 40
Tire tube force, 87
Tore Supra, 105
Toroidal beta, 84
Toroidal force balance, 86
Toroidal magnetic field, 85
Toroidal plasma volume, 84
Toroidal rotation scalings, 91
Transmission coefficient, 31
Trapped electron mode, 93, 95
Trapped ion mode, 94
Trapped particle condition, 63
Trapped particle dispersion relation,
94
Trapped particle fraction, 37
Trapped particle modes, 94
triangularity, 83
Trivelpiece-Gould, 67
Troyon limit, 88
Turbulence, 91
Turbulent flux of energy, 92
Turbulent flux of momentum, 92
Turbulent flux of particles, 92
Two fluid model of plasma, 49
Two point model, 99

Unit definitions, 21
Universal constants, 21
Upper hybrid oscillations, 67
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Vector identities, 9
Vertical magnetic field, 87
Vlasov equation, 49
Volume of a torus, 84

Wave equation, 30
Wayve polarization, 66

Zesr, 45
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